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Abstract 

In this paper, for any positive integer n, we study the Maslov-type index theory of i^^, i^-^ 
and with Lq = {0} x R" c R^" and Li = R" x {0} C R^". As apphcations we study 

^ ' the minimal period problems for brake orbits of nonlinear autonomous reversible Hamiltonian 

in ! 

systems. For first order nonlinear autonomous reversible Hamiltonian systems in R^", which are 
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semipositive, and superquadratic at zero and infinity we prove that for any T > 0, the considered 
■ Hamiltonian systems possesses a nonconstant T periodic brake orbit Xt with minimal period no 

less than 2n+2 • Furthermore if H22{^T{t))dt is positive definite, then the minimal period of 
XT belongs to {T, Moreover, if the Hamiltonian system is even, we prove that for any T > 0, 



2 

the considered even semipositive Hamiltonian systems possesses a nonconstant symmetric brake 
orbit with minimal period belonging to {T, ^}. 
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1 Introduction and main results 



In this paper, let J = 




, where /„ is the identity in and 



n G N. We suppose the following condition 

'Partially supported by National Science Foundation of China (10801078, 11171314), LPMC of Nankai University. 
E-mail: zhangdz@nankai.edu.cn 



1 



(HI) H £ C^(R^",R) and satisfies the following reversible condition 

H{Nx) = H{x), VxGR2". 

We consider the following problem: 

X = JH'{x), X e R^'^, (1.1) 
x{-t) = Nx{t), x{T + t) = x{t), VteR. (1.2) 

A solution (r, x) of (|l.ip - ()1.2p is a special periodic solution of the Hamiltonian system (jl.ip . We 
call it a brake orbit and T the period of x. Moreover, if x(R) = — x(R), we call it a symmetric brake 
orbit. It is easy to check that if r is the minimal period of x, there must holds x{t + §) = ~2;(t) 
for all ten. 

Since 1948, when H. Seifert in |47j proposed his famous conjecture of the existence of n geometri- 
cally different brake orbits in the potential well in R" under certain conditions, many people began 
to study this conjecture and related problems. Let *0(0) and *j7b(S) the number of geometrically 
distinct brake obits in for the second order case and on S for the first order case respectively. S. 
Bolotin proved first in [7] (also see [S]) of 1978 the existence of brake orbits in general setting. K. 
Hayashi in [27], H. Gluck and W. Ziller in pj, and V. Benci in fS] in 1983-1984 proved #6{n) > 1 
if V is C\ n = {V < h} is compact, and V'{q) 7^ for all q G dQ. In 1987, P. Rabinowitz in 
|45j proved that if H is and satisfies the reversible conditon, S = H^^(h) is star-shaped, and 
X ■ H'{x) 7^ for all x E S, then *^f,(S) > 1. In 1987, V. Benci and F. Giannoni gave a different 
proof of the existence of one brake orbit in [6j . 

In 1989, A. Szulkin in [l9] proved that *Jh{H-^{h)) > n, li H satisfies conditions in gS] of 
Rabinowitz and the energy hypersurface H~^{h) is \/2-pinched. E. van Groesen in [26j of 1985 and 
A. Ambrosetti, V. Benci, Y. Long in [Jj of 1993 also proved *0(J7) > n under different pinching 
conditions. 

In [l2] of 2006, Long , Zhu and the author of this paper proved that there exist at least 2 
geometrically distinct brake orbits on any central symmetric strictly convex hypersuface S in R^" 
for n > 2. Recently, in [35j, Liu and the author of this paper proved that there exist at least 
[n/2] -|- 1 geometrically distinct brake orbits on any central symmetric strictly convex hypersuface 
S in R^" for n > 2, if all brake orbits on S are nondegenerate then there are at least n geometrically 
distinct brake orbits on S. For more details one can refer to [l2], [35] and the reference there in. 

In his pioneering paper [23] of 1978, P. Rabinowitz proved the following famous result via the 
variational method. Suppose H satisfies the following conditions: 
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(HI') H £ C7i(R2",R). 

(H2) There exist constants fi > 2 and tq > such that 

< fj,H{x) < H'{x) • X, V|x| < tq. 

(H3) H{x) = o(|xp) at X = 0. 
(H4) H{x) > for all x G R^". 

Then for any T > 0, the system possesses a non-constant T -periodic solution. Because a 
T/k periodic function is also a T-periodic function, in [43] Rabinowitz proposed a conjecture that 
under conditions (HI') and (H2)-(H4), there is a non-constant solution possessing any prescribed 
minimal period. Since 1978, this conjecture has been deeply studied by many mathematicians. A 
significant progress was made by Ekeland and Hofer in their celebrated paper [T6] of 1985, where 
they proved Rabinowitz's conjecture for the strictly convex Hamiltonian system. For Hamiltonian 
systems with convex or weak convex assumptions, we refer to [2]- [3], [l2]-[13], [I5]-[T7|, ^1], |20j - 
|23| . and references therein for more details. For the case without convex condition we refer to 
[37j-[39] and Chapter 13 of [H] and references therein. A interesting result is for the semipositive 
first order Hamiltonian system, in [18] G. Fei, S.-T. Kim, and T. Wang proved the existence of a 
T periodic solution of system (|l.ip with minimal period no less than T/2n for any given T > 0. 

Note that in the second order Hamiltonian systems there are many results on the minimal 
problem of brake orbits such us [37]- [39] and [50]. For the even first order Hamiltonian system, in 
[51] , the author of this paper studied the minimal period problem of semipositive even Hamiltonian 
system and gave a positive answer to Rabinowitz's conjecture in that case. In [lU], G. Fei, S.-T. 
Kim, and T. Wang proved the same result for second order Hamiltonian systems. 

So it is natural to consider the minimal period problem of brake orbits in reversible first order 
nonlinear Hamiltonian systems. In [32], Liu have considered the strictly convex reversible Hamilto- 
nian systems case and proved the existence of nonconstant brake orbit of (jl.ip with minimal period 
belonging to {T, T/2} for any given T > 0. 

Since [51], we also hope to obtain some interesting results in the even Hamiltonian system for 
the minimal period problem of brake orbits. 

It can be found in many papers mentioned above that the Maslov-type index theory and its 
iteration theory play a important role in the study of minimal period problems in Hamiltonian 
systems. In this paper we study some monotonicity properties of Maslov-type index and apply it 
to prove our main results. 
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In this paper we denote by £(R^") and £s(R^") the set of all real 2nx2n matrices and symmetric 
matrices respectively. And we denote by yi • y2 the usual inner product for all yi, y2 ^ R-'^ with 
k being any positive integer. Also we denote by N and Z the set of positive integers and integers 
respectively. 

Let Sp(2n) = {M G £(R2'^)|M^JM = J} be the 2n x 2n real symplectic group. For any r > 0, 
Set Vr = {7e C7([0,r],Sp(2n))|7(0) = hn} and Sr = R/(rZ). 

For any 7 G P,- and u gJJ, where U is the unit circle of the complex plane C, the Maslov-type 
index {iui{'~f),i^ui{'j)) G Z x {0, l,...2n} was defined by Long in ^40j. We have a brief review in 
Appendix of Section 6. 

For convenience to introduce our results, we define the following (Bl) condition, since the 
Hamiltonian systems considered here are reversible, this condition is natural. 

(Bl) Condition. For any r > and B G C([0, r], £s(R^") with the nxn matrix square block 
/ Bn(t) Bi2(t) \ 

form B{t)= \ satisfying ^12(0) = ^21(0) = = Buir) = B2i{t), We will call 

\ B2l{t) B22{t) J 

B satisfies the condition (Bl). 

Throughout this paper, we denote by 

Lo = {0} X R'^ c R2", Li = R" x {0} C R^". (1.3) 

The definitions of Maslov-type indices (^^^(7), z^^iL^(7)) and (ii^ (7), i^Lj (7)) G Z x {0,1,..., n} 
for J = 0, 1 and 7 G ■p^-(2?^) with r > can be found in [32] and Section 2 below. Also for B G 
(7([0,t],£^(R2") satisfies condition (Bl), the definitions of (i^(5), i/^(S)) and {iL^{B),i^L,{B)) G 
Z X {0, 1, n} for j = 0,1 and 7 G VrC^n) can be found in Section 2 and references therein. 

For any B G C([0, r], £s(R^"')), denote by 7^ the fundamental solution of the following problem: 

jB{t) = JB{t)jB{t), (1.4) 
7i?(0) = hn- (1.5) 

Then jb G Pt- We call jb the symplectic path associated to B. 

Definition 1.1. li H £ C^(R^'^,R) is a reversible function, for any Xr be a r-periodic brake orbit 
solution of (jl.ip . let B{t) = H"{x{t)), we define — 7-bI[o,§] and call it the symplectic path 
associated to x-r- We define 

iLoiXr) = Uo(7xJ, '^LoiXr) = «Lo(7xJ- (1-6) 
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Moreover, if H is even and Xr is a r-periodic symmetric brake orbit solution of (jl.ip . let B{t) = 
H"{x{t)), we define 7^^ = 7B|[o,i] and call it the symplectic path associated to Xr- We define 

i%i^r) = ^^(7.v), = i^(7.v). (1.7) 

Definition 1.2. For any r-period and A; € N = {1,2, ...}, we define the k times iteration x^ of x 
by 

xk(t)=x{t-jT), jT<t<{j + l)T, 0<j<k. (1.8) 

As in |35j, for any 7 G P,- and A; G N = {1, 2, ...}, in this paper the /c-time iteration 7'^ of 7 G Vri'^n) 
in brake orbit boundary sense is defined by 7|[o,fcT] with 




7(t - 2jT)(iV7(T)-iiV7(T)y, t G [2ir, (2j + l)r], j = 0, 1, 2, ... 

N^{2jT + 2t - t)iV(iV7(T)-iAr^(r)y+i t G [{2j + l)r, (2j + 2)T],i = 0, 1, 2, ... 



The followings are our main results of this paper. 
Theorem 1.1. Suppose that H satisfies conditions (Hl)-(H^) and 
(H5) H"{x) is semipositive definite for all x G R^". 

Then for any T > 0, the system (1.1)-(1.2) possesses a nonconstant T periodic brake orbit 
solution XT with minimal period no less that 2n+2 ■ Moreover, for x = (xi,X2) with xi,X2 G R", 
denote by H22{x) the second order differential of H with respect to X2, if 

r HUxT{t))dt>{), (1.9) 
Jo 

then the minimal period of xt belongs to {T, -^-j. 

Remark 1.1. (Theorem 1.1 of [32j) Suppose that H satisfies conditions (H1)-(H4) and if xt 
satisfies 

(H5') jf H"{XTit))dt > 0. 

Then the minimal period of xt belongs to {T, ^}. 

In the case n = 1, the result can be better, i.e., the following 
Theorem 1.2. For n = 1, suppose that H satisfies conditions (H1)-(H4). 

Then for any T > 0, the system (1.1)-(1.2) possesses a nonconstant T periodic brake orbit 
solution with minimal period belong to {T, 

Consider the minimal period problem for H{x) = ^Bqx ■ x + H{x), where Bq G £s(R^"). This 
is motivated by [18], [22], and [l3], where in [18] Bq was considered to be semipositive, in |22j and 
[15] Bq was considered to be positive. 

We have the following general result. 
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Theorem 1.3. Let 2n x 2n he real semipositive matrix Bq = diag(i?ii, -B22) with Bu and B22 
being n x n matrix. Assume H{x) = ^Bqx ■ x + H{x) for all x G R^", and H satisfies conditions 
(H1)-(H5). 

Then for any T > 0, (1.1) possesses a nonconstant T -periodic brake orbit xt with minimal 
period no less than ^.^ {Bo)+2Jl (Bo)+2n+2 ' where we see Bq as an element in C([0, r/2], >Cs(R^")) 
satisfies condition (Bl). 

Remark 1.2. In section 3, we will show iLo{Bo) + z/Lq(5o) > 0. 

As a direct consequence of Theorem 1.3, we have the following Corollary 1.1. 
Corollary 1.1. For T > such that iLoiBo) + i^LoiBo) = 0, where we see Bo as an element 
in C([0, T/2], £s(R^"') satisfies condition (Bl), under the same assumptions of Theorem 1.2, the 
system (1.1) possesses a nonconstant T -periodic brake orbit with minimal period no less that 2n+2 ■ 

We can also prove the following Corollary 1.2 of Theorem 1.3. 
Corollary 1.2. If Bq 7^ 0, then for < T < yj-g^ with \\Bq\\ being the operator norm of Bq, 
under the same condition of Theorem 1.2, possesses a nonconstant T -periodic brake orbit xt with 
minimal period no less than 2n+2 ■ Moreover , if 



H'^^ixxit)) dt > 0, 

/o 

then the minimal period of xt belongs to {T, ^}. 

Theorem 1.4. Suppose that H satisfies conditions (H1)-(H5) and 
(H6) H{-x) = H{x) for all x £ R^". 

Then for any T > 0, the system (1.1)-(1.2) possesses a nonconstant symmetric brake orbit with 
minimal period belonging to {T,T/3}. 

Theorem 1.5. Let 2n x 2n be real semipositive matrix Bq = diag(Bii,S22) with Bu and B22 

being n x n matrix, assume H{x) = ^Bqx ■ x + H{x) for all x G R^", and H satisfies conditions 

(H1)-(H6). Then for any T > 0, the system (1.1)-(1.2) possesses a nonconstant symmetric brake 

orbit XT with minimal period no less than — r- . Moreover, if i^°{BQ) + v^%^{BQ) 

^ 4(i^(Bo)+i^^(B(,))+7 ' •' x/^^ 

is even, then the minimal period of xt is no less than — r- I-r- where we see Bq as an 

element in C([0, T/4], £<,,(R^") satisfies condition (Bl). 

Remark 1.3. In section 3, we will show that i^(5o) > 0, hence i^(So) + u^{Bq) > 0. 

As a direct consequence of Theorem 1.5, we have the following Corollary 1.3. 
Corollary 1.3. For T > such that z^^(So) + ^^^^{Bq) = 0, under the same assumptions of 
Theorem I.4, the system (1.1) possesses a nonconstant symmetric brake orbit with minimal period 
belonging to {T,r/3}. 
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We can also prove the following Corollary 1.4 of Theorem 1.5. 
Corollary 1.4. If Bq / 0, then for <T < jjj^ with \ \Bo\\ being the operator norm of Bq, under 
the same condition of Theorem 1.5, the system (1-1) possesses a nonconstant symmetric brake orbit 
with minimal period belonging to {T, T/3} . 

This paper is organized as follows. In section 2, we study the Maslov-type index theory of 
iLo, iLi and We compute the difference between iLoil) and iLiil)- In Section 3, we study 

the relation between the Maslov-type index {i'^{B) , i^^{B)) for B G C([0, r], ^^(R-^") satisfies 
condition (Bl) and the Morse indices of the corresponding Galerkin approximation. As applications 
we get some monotonicity properties of iioiB), iiiiB) and and we prove Theorem 3.2 

which is very important in the proof of Theorems 1.4-1.5. In Section 4, based on the preparations 
in Sections 2 and 3 we prove Theorems 1.1-1.3 and Corollary 1.2. In Section 5, we prove Theorems 
1.4-1.5 and corollary 1.4. In Section 6, we give a briefly review of {iu>,i^u>) index theory with a; € U 
for symplectic paths starting with identity as appendix. 

2 Maslov-type index theory associated with Lagrangian subspaces 

2.1 A brief review of index function (iLj,i^Lj) with j — 0,1 and (i^^, ^^^) 
Let 

F = R2'^eR^" (2.1) 
possess the standard inner product. We define the symplectic structure of F by 

(-J o\ 

{v, w} = {Jv, w), Vv, weF, where J = (- J) J = . (2.2) 

We denote by Lag(F) the set of Lagrangian subspaces of F, and equip it with the topology as a 
subspace of the Grassmannian of all 2n-dimensional subspaces of F. 
It is easy to check that, for any M G Sp(2n) its graph 

Gr(Af) = i ( I |x G R2" 

[yMx J 

is a Lagrangian subspace of F. 
Let 

Vi = {0} X R" X {0} X R" c R^", F2 = X {0} x R'* x {0} C R^". (2.3) 
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By Proposition 6.1 of [35j and Lemma 2.8 and Definition 2.5 of [l2], we give the following 
definition. 

Definition 2.1. For any continuous path 7 G VrC^n), we define the following Maslov-type indices: 



^Lo(7) = M?''"'(^i,Gr(7),[0,r])-n, (2.4) 

^Li(7) = /u?^^-'(l/2,Gr(7), [0,r]) - n, (2.5) 

z.L^,(7) = dim(7(r)Lj n Lj), j = 0, 1, (2.6) 

where we denote by i^^^ (V, W, [a, b]) the Maslov index for Lagrangian subspace path pair (V, W) 
in F on [a,b] defined by Cappell, Lee, and Miller in [11]. 

For uj = e^^~^^ with ^ € R, we define a Hilbert space E'^ = Ef^^ consisting of those x{t) in 
L^([0, r], C^") such that e~^*^ x{t) has Fourier expending 

e-^^x(t)=J^e^-^[ ° ),a,GC" 



with 

:=5Z^(l + |j|)l«jf <oo. 



For w = , 9 £ (0,vr), we define two self-adjoint operators A'^,B^ G C{E'^) by 

{A^x,y) = [\-J±{t),y{t))dt, {B^x,y)= [\B{t)x{t),y{t))dt 
Jo Jo 

on E^ . Then is also compact. 

Definition 2.2. We define the index function 

i^o(5) = I{A'^, - B^) = -sf{A'^ - sB^,0< s < 1}, 
i^^'^{B) = m\A'^ -B'^), Va; = e^^ (0,7r), 

where the definition of sf of spectral flow for the path of bounded self-adjoint linear operators one 
can refer to [53] and references their in. 
By (3.21) of [35], we have 

iLo{B)<it'iB)<iL,iB) + n. (2.7) 
Lemma 2.1. For uj = with 9 G (0,7r), let V^j = Lq x (e^"'Lo) C R^" = F. There holds 

i^o(i?) = M?^^(VL,Gr(7B),[0,r]). (2.8) 



Proof. Without loss of generality we can suppose the path 01(7^) of Lagrangian subspaces 
intersects V^j regularly (otherwise we can perturb it slightly with fixed endow points such that they 
intersects regularly and the index dose not change by the homotopy invariant property /x^^*^ ), 
where the definition of intersection form can be found in [46J . We denote by fx^^ the maslov index 
defined by Booss and Furutani in [9j. 

By the spectral flow formula of Theorem 5.1 in [9] or Theorem 1.5 of |10] (cf. also proof of 
Proposition 2.3 of [52j), we have 

sf{A^sB'^,0< s<l} 
= ^^^(Gr(7B),K;,[0,r]) 

= ^^^((/ e e-v^^^)Gr(7B), (/ e-^'-')V^, [0, r]) 
= /i^^((/ee'^^^)Gr(7B),yi,[0,r]) 

= _^-(_r((/ee-v^^^)Gr(7B),yi,0))+ sign{-T{{lee'^'-^)Gi{jB),Vi,t)) 

0<t<T 

+m+(-r((/ e e-^'')Gri^B),Vi,T)) 
= -m+(r((/ee-v^^-^)Gr(7B),yi,0))- sign(r((I © e-^''-^)Gr(7B), Vi, t)) 

0<t<T 

+m-(r((/ © e-^^-^)Gr(7B), Vi,t)) 
= -ifp'^^^Vx, {I © e-^^^)Gr(7B), [0, r]) 
= -M?^^^((/©eV^^^)Fi,Gr(7B),[0,r]) 

= -//^^^(K.,Gr(7B),[0,T]), (2.9) 

where in the fourth equality we have used Theorem 2.1 in [9] and the property of index for 
symplectic paths defined in [l6](cf also (2.6)-(2.8) of [52]), in the sixth equality we have used Lemma 
2.6 of |42] . in the second and seventh equalities we used the symplectic invariance property of index 
and /i^^*^ respectively. | 
Definition 2.3. Let B € C([0, r], £s(R^"') and 7^ be the symplectic path associated to B. We 
define 

t'{lB) = t°{B), (2.10) 
^t\lB) = vt^\B). (2.11) 

By Lemma 2.1, in general we give the following definition. 
Definition 2.4. For any 7 E VrC^n) and uj = e"^^^ with d G (0, vr), we define 

e(7) = M?^'-'(VL,Gr(7B),[0,r]), 
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= dim (7(r)Lo n e^'^L^^ 
For any 7 G P^(2n), we define a new symplectic path 7 € Vr{'2^n) by 



(2.12) 



7(i) = < 



7(3t-r), 



7(r), tG[f,r]. 



L3' 3 J' 



(2.13) 



So we can perturb 7 slightly to a path 7 such that 7 is homotopic to 7 with fixed end points 
and 7(t) = hn for t G [0, |] and 7(t) = 7(r) for t £ [^,r]. Set B{t) = -J^{t){j{t)y^. So we have 

^(0) = B{t) = 0. (2.14) 

Then this B G C([0, r], £,(R2") and satisfies condition (Bl). Also we have 7 is is homotopic to 7 
with fixed end points. So we have 



n(7')=^i(7') = n(7|), VA;GN, 
Ml'') = Ml'') = ^^i(7|), VA: G N 



and 



Uo(7')=^Lo(7')=Uo(7|), VfcGN, 

i^Lo(7') = ^L„(7')=z^Lo(7|), VfcGN. 
Also by the property of index f/p^^ and Definition 2.4 have 

z^(7^-) = ^^(7^=) = i^(7|), VA; G N, 

Hence, in [35j the authors essentially proved the following Bott-type iteration formula. 
Theorem 2.1. (Theorem 4.1 of [35]) Let 7 G 'P^-(2?^) and uik = e^^^^l^ , For odd k we have 

(fc-l)/2 

iioii'') = iLoii^) + Yl 

i=l 
(fc-l)/2 

l^Loil'') = '^Loil^) + Yl ''col'il''): 



(2.15) 

(2.16) 

(2.17) 
(2.18) 



and for even k, we have 



i=l 



fc/2-1 

uo(7') = ^Lo(7') + ^5^(7')+ E 

j=i 

A;/2-l 

^^Lo(7') = ^L„(7') + ^';^(y)+ E ^-r(^') 



10 



Obviously we also have 

iLo(7) < ^^(7) < iL,{l) + n. (2.19) 
2.2 The Bott-type iteration formula for (z^, 

In order to study the minimal period problem for Even reversible Hamiltonian systems, we need 
the iteration formula of the Maslov-type index of (^y^, ^^^/-d symplectic paths starting with 
identity. We use Theorem 2.1 to obtain it. 

Precisely we have the following Theorem. 
Theorem 2.2. Let 7 G Vri^n) and ujk = e^^^f-^l^ , For odd k we have 

(k-l)/2 

= + E (2.20) 

i=l 
(fc-l)/2 

= + E (2.21) 



i=l 



and for even k, we have 



k/2 

^J:^(^') = Ev^-^(^')' (2-22) 



1=1 



k/2 

^J^(^') = Ev^-(^')- (2-23) 



i=l 



Proof. For odd k, since 7^^^ = (7^^)^, by Theorem 2.1 we have 

iLo{l"') = ^Loh')+^%{7'), (2.24) 

^Lo(7'') = ^^Lo(7') + ^^^(7')- (2.25) 
Also by Theorem 2.1 we have 

(fe-l)/2 

iL,{l') = iLo(.l')+ E (2-26) 

1=1 

{k-l)/2 

^Lo(7') = r^Lo(y)+ E (2.27) 

1=1 

k-1 

iLoh'') = ^Loil') + ^i^T(7) + Es^^(^')' (2-28) 

i=l 

k—1 

i^Loil'') = i^Loil') + ^^;^(7) + E ^<(^')- (2-29) 

1=1 
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Since ojk = ujj^, by dZM]), (|2:28D minus <^M\\ yields (l2:20]l . By (HJS]), (f2:29]l minus (12:2711 
yields (l^m . 

For even k, by similar argument we obtain ()2.22p and (j2.23p . The proof of Theorem 2.2 is 
complete. I 

2.3 The difference of iLoil) and «Li(7)- 

The precise difference of iig (7) and i/,^ (7) for j £ Vt with r > is very important in the proof of 
the main results of this paper. In this subsection we use the Hormander index (cf. \T^) to compute 
it. Note that in [42], in fact we have already proved that liioil) ~ ^LiCt)! ^ ^• 
For any P S Sp(2n) and e G R, we set 

„ / sin 2elri — cos 2sl„ \ / sin 2el„ cos 2el„ \ 
M,{P) = P^ \P+\ . (2.30) 

\ — cos 2eln — sin 2e/„ / \ cos 2e/„ — sin 2el„ / 

Then we have the following theorem. 
Theorem 2.3. For 7 G with t > 0, we have 

iLoh) - iLAl) = ^sgnMe(7(r)), (2.31) 

where sgnMe(7(r)) is the signature of the symmetric matrix M^{'y{T)) and e > is sufficiently 
small. 

we also have, 

{iLoil) + i^Lom - {iiAl) + ^lAi)) = ^signM,(7(T)), (2.32) 

where e < and |e| is sufficiently small. 

Proof. By the first geometrical definition of the Maslov-type index in Section 4 of [TT], there 
exists an e > small enough such that 

Vi n e-"^Gr(7(0)) = {0}, V2 n e-"^Gr(7(T)) = {0}. (2.33) 

By definition 2.1, we have 

Uo(7) =/^^^'^(^i,e-^^Gr(7),[0,r]) -n, (2.34) 

iLi(7) =/^^''^(V2,e-^^Gr(7),[0,r]) -n. (2.35) 

Define 71 (t) = e~'^"^Gr(7(t)) and 72(t) = e~'^"^Gr(7(r — t)) for t S [0, r]. Then 71 and 72 are two 
paths of Lagrangian subspaces of the symplectic space (F, J) defined in (12. ID and (12. 2p . 71 connects 
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e ^"^Gr(7(0)) and e ^"^Gr(7(r)) and is transversal to Vi and V2. 72 connects e ^"^Gr(7(T)) and 
e^^"^Gr(7(0)) and is transversal to Vi and V2. Denote by 7 the catenation of the paths 71 and 72. 
By Definition 3.4.2 of the Hormande index s{Mi, M2; Li, L2) on p. 66 of [H] and (p3i|) - ([235]) . 
we have 

5(^1, V2; e-^^Gr(7(0)), e-^^Gr(7(r))) 
= (7, a) 

= ^^^A^(yi,7i) + M?^^^(y2,72) (2.36) 
= /.^^*^(yi,e-^^Gr(7))-^^^^^(y2,e-^^Gr(7)) (2.37) 
= Uo(7)-Ui(7), (2.38) 

where a is the Maslov- Arnold index defined in Theorem 3.4.9 on p. 64 of [14J. Since 71 and 72 are 
transversal to Vi and V2 (|2.36p holds, (|2.37p holds from the definition of 71 and 72. 

In the proof of Theorem 3.3 of |42j . we have proved that for e > small enough, there holds 

(2.39) 



sgn(yi,e-^^Gr(/2„);V2) = 0, 



where sgn(Tyi, W3; W2) for 3 Lagrangian spaces with Ws transverses to Wi and W2 is introduced 
in Definition 3.2.3 on p. 67 of [14J. Note that by Claim 1 below, we can prove (|2.39|) at once. 
Claim 1. For e > 0, small enough, there holds 



sign(l^i,e-^^Gr(7(T));l-2) = sgn(M,(7(r))). 



(2.40) 



Proof of Claim 1. In fact. 



e-^Gr(7(T)) = { 



fp\ ( 




V 

\ 1 J 



cp — sq 
sp + cq 
{c,s)j{t){p, qf 
\ {-s,c)-/{T){p,qf J 



y (2.41) 



where we denote by c = cose/„ and s = sine/„. Hence the transformation A : Vi e •^GT{l2n) 
satisfies 

A{0,-sp- cq,0,-{-s,c)-/{T){p, qf) 

= {cp-sq,sp + cq,{c,s)-f{T){p,qf,{-s,c)j{T){p,qf), yp,qe R", (2.42) 
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where A is introduced in Definition 3.4.3 of sign(Mi, M2; L) on p. 67 of [14j. For the convenience 
of our computation, we rewrite (|2.42|) as fohows. 



A 





s c 

c —s 
s c 



p 

Q 
P 

q 





— s c 



7(t) 



P 



c s) 


7(r) 


(p\ 


[-S cl 








{ 1 / 



(2.43) 



Then for Pi,P2,Qi,Q2 G R-", the symmetric bihnear form Q{V2) ■ ix,y) 1— s- J{Ax,y) on Vi 
defined in Definition 3.4.3 on p. 67 of |14) satisfies: 



Q{V2, 

U{-J)®J) 


s c 

s 
c 

sc - 





s c 



\ [ p 

, 7(t) 

-s c 



c — s 
s c 



c s 
—s c 



7(r) 



\ / p 

, 7(-r) 

-s c 



J 



c — s 
s c 



7(r)^ 



sc 



-s 
c 

7(r) 



J 



c s 
—s c 



7(t) 



q 



p 
q 



-sc 



-sc 



(2.44) 



Let Mi;{'j{t)) =1 I + 7(t)"^ I I 7(t). Then by definition of the sym- 

—sc I \ — —sc 

metric bihnear form Q{V2), M^{-y(T) is an invertible symmetric 2n x 2n matrix. We define 



M,(7(r)) = 2M,(7(t)) = M.i^ir)) + Mj(7(r)) 



Then we have 



/ sin2e/„ -cos2e/„ \ ^ ^ / sin2e/„ cos2e/„ 
\ — cos 2eln — sin 2e/„ / \ cos 2e/„ — sin 2eln 

It is clear that 

sgnQ(y2) = sgnMe(7(T)) = sgnMe(7(T)). 
By the definition of sgn(Vi, e~^"^Gr(7(T)); V2), we have 

sgn(yi,e-^^Gr(7(r));y2) = sgnQ(F2). 
14 



(2.45) 



(2.46) 



(2.47) 



(2.48) 



Then (|2.40p holds from (|2.47p and (|2.48p . and the proof of Claim 1 is complete. 
Thus by (I238I1 . dOOl) and Claim 1, we have 

= s{Vi, V2; e-^^Gr(7(0)), e-^^Gr(7(r))) 

= isgn(yi,e-^^Gr(7(T));V2) - ^sgn(yi, e-^^Gr(7(0)); ^2) 

= ^sgn(yi, e-^^Gr(7(T)); V2) - ^sgn(yi, e-^^Gr(/2n); V2) 

= isgn(yi,e-^^Gr(7(T));V2) 

= ^sgnM,(7(r)). 

Here in the second equality, we have used Theorem 3.4.12 of on p. 68 of [14j. Thus (|2.3ip holds. 
Choose £ < such that |e| is sufficiently small, by the discussion of fip^^^ index we have 

Uo(7) = /i^^^(Fi,e-^^Gr(7), [0,r]) - (2.49) 
U,(7) = ^^^'"(V2,e-^^Gr(7), [0,r]) - u^A^). (2.50) 

Then by the same proof as above, we have 

^^^0(7) + '^Loil) - ilAl) - ^lAi) = ^sgnM£(7(r)), (2.51) 

where e < is small enough. Hence ()2.32p holds. The proof of Theorem 2.3 is complete. | 

We have the following consequence. 
Corollary 2.1. (Theorem 2.3 of [35j) For 7 G Vr{2n) with r > 0, there hold 

Kio(7)) - «Li(7))l < ri, \iLoil) + T^uAl) - ilAl) - < n. (2.52) 

Moreover 2/7(1) is a orthogonal matrix then there holds 

iLo{l)=iLAl)- (2.53) 



Proof. ()2.52p holds directly from Theorem 2.3, so we only need to prove (j2.53p . Since j{t) is 
an orthogonal and symplectic matrix, we have 

7^(T)J7(r) = J, 7^(r)7(r) = /2n. (2.54) 

So we have 

7(r) J = J7(t), 7(t)^J = Jjirf . (2.55) 
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It is easy to check that for any e E R, there holds 



^ sin 2el„ ± cos 2e/„ ^ 
± cos 2eln — sin 2e/„ 



sin 2eln ± cos 2e/„ 
lb cos 2eln — sin 2e/„ 



Hence by (|2.55|) and (|2.56|) . we have 



JM,(7(r))J 



Me{l{r)). 



sin 2eln — cos 2e/„, 
— cos 2eln — sin 2e/„ 

sin 2eln — cos 2e/„ 

— cos 2eln — sin 2eln 

sin 2e/„ — cos 2e/„ 

— cos 2e/„ — sin 2e/„ 

sin 2e/„ — cos 2e/„ 

— cos 2e/„ — sin 2e/„ 



7(r) 
7(r)J + J 
J7(t) + J 
7(t) + 



sin 2eln cos 2e/„ 
cos 2eln — sin 2e/„ 



So we have 



M,(7(t)) J = -JM,(7(t)). 



Thus for any x £ R and A £ R satisfying 



By ([238]) we have 



Me{'y{T))x = Ax. 



M,(7(r))(Jx) = -JM,(7(t))x = -A(Jx). 



(2.56) 



sin 2e/„ cos 2e/„ 
cos 2e/„ — sin 2e/„ 

sin 2e/„ cos 2e/„ 
cos 2eln — sin 2e/„ 

sin 2eln cos 2e/„ 
cos 2eI„ — sin 2e/r, 



J 



J 



J 



(2.57) 



(2.58) 



(2.59) 



(2.60) 



Since for e > small enough M£(7(t)) is an invertible symmetric matrix, by (I2.60p we have 



which yields 



m+{Me{-t{T))) = m~ {Me{-i{T))) = n 



sgnM,(7(r)) = m+(M,(7(r))) - m-(M,(7(r))) = 0. 



Then (I2.53P holds from Theorem 2.3. 

Lemma 2.2. For a symplectic path P : [0,r] — t- Sp(2n) with r > 0, if for j 
VL.{P{t)) = constant for all t G [0,r], then for e > small enough we have 

sgnM,(P(0)) = sgnM,(P(r)). 



(2.61) 



(2.62) 



0, 1 there holds 



(2.63) 
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Proof. Since Sp(2n) is path connected, we can choose a path 'j £ Vr with j{t) = P{0). By 
Proposition 2.11 of [42J and the definition of fij for j = 1,2 in [42], we have 

M?^^^(^j,Gr(P), [0,t]) =0, j = 0, 1. (2.64) 

So by the Path Additivity and Reparametrization Invariance properties of ^^^^ in [n], we have 



n 



= ^^^^(y,-,Gr(7),[0,T]) +^^^^(V,-,Gr(P),[0,T]) -n 
= ^^^^^(y,-,Gr(7),[0,T])-n 

= ^L,(7), (2.65) 

where the definition of joint path * is given by (|6.ip in Section 6 below. Then by Theorem 2.3 
we have 

Uo(7) - iiAl) = ^sgn(M,(P(0))), (2.66) 

iLo{P*7)-iLAP*-/) = ^sgn(Me(P(r))). (2.67) 

Then (|2.63|) holds from (|2.65|) - (|2.67|) . The proof of Lemma 2.2 is complete. | 
Remark 2.1. It is easy to check that for nj x rij symplectic matrix Pj with j = 1,2 and nj G N, 
we have 

Me{Pl O P2) = Me{Pl) O Me(P2), 
sgnMe(Pi o P2) = sgnMeiPl) + sgnM,{P2). 

By direct computation according to Theorem 2.3 and Corollary 2.1, for ^ G Vr{2), b > 0, and 
e > small enough we have 

sgnMe{R{e)) = 0, for 6 e K, (2.68) 

(1 b\ / 1 o\ 

sgnM£(P) = 0, if P = ± or ± , (2.69) 

1) 

sgnM,(P) = 2, ifP = ±( ^ |, (2.70) 

1 

sgnM,(P) = -2, if P = ± I ^ ° I . (2.71) 
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Also we give a example as follows to finish this section 

/ 2 -1 \ 

(2.72) 




3 Relation between ii^, ii^, and the corresponding Morse in- 
dices, and their monotonicity properties. 



In [31], Liu studied the relation between the L-index of solutions of Hamiltonian systems with L- 
boundary conditions and the Morse index of the corresponding functional defined via the Galerkin 
approximation method on the finite dimensional truncated space at its corresponding critical points. 
In order to prove the main results of this paper, in this section we use the results of [31j to study 
some monotonicity properties of and z^^. We also study the index i^^(i?) with B being a 
continuous symmetric matrices path satisfying condition (Bl) defined in Section 1 and the Morse 
index of the corresponding functional defined via the Galerkin approximation method. Then as 
applications we study some monotonicity properties of i^^(i?) which will be important in the 
proof of Theorems 1.4-1.5 in Section 5 below. 

For any r > and B £ C([0, r/4], £s(R^")) (in order to apply the results in this section 
conveniently Section 5, we always assume B G C([0,r/4],£5(R2")) satisfying condition (Bl). We 
extend i? to [0, ^] by 

B{^ + t) = NBi^ - t)N, Vt G [0, J. (3.1) 



Then since B{^) = -6(0), we can extend it ^-periodically to R, so we can see B as an element in 

c(5,/2,/:.(r2")). 

Let Er = {x e W-^^'^''^{Sr,B?'^)\x{-t) = Nx{t) a.e. t G R} with the usual norm and inner 
product denoted by || • || and (•) respectively. 

By the Sobolev embedding theorem, for any s G [1, +oo), there is a constant Cg > such that 

\\z\\l-<Cs\\z\\, VzG^2r. (3.2) 

Note that B can also be seen as an element in (7(5,-, £s(R^"')). We define two selfadjoint 
operators Aj- and i?T- on Ej- by the following bilinear forms 

{ArX,y) = 1 —Jx-ydt, {BrX,y) = / B{t)x-ydt. (3.3) 
Jo Jo 
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Then Ar is a bounded operator on Er and dim kery!,- = n, the Fredholm index of Ar is zero, 
and Br is a compact operator on E^-. 
Set 

2j7rt 2j7rt 
2;(t) = exp( J)a + exp( J)6, Vt G R; Va, b £ Lq 

T T 



ErU) = {zeEr 

and 



Er,m = EriO) + ^r(l) + • • • + ^r(m). 



Let Tr = {Pr^m '■ Tu = 0,1,2, ...} be the usual Galerkin approximation scheme w.r.t. Ar, just as in 
[21], i.e., is a sequence of orthogonal projections satisfies: 

(1) Erfi = PrfiEr = ker A,-, Er^m = PT,mEr is finite dimension for m > 0; 

(2) Pr^m — )• 2; as m — )• cxD for any x G Er, 

(3) Pr^^Ar = ArPr,m, Vm > 0. 

For d>0,we denote by M+(-), M' {■) and M^(-) the eigenspace corresponding to the eigenvalue 
A belong to [d,+oo), {—oo,—d] and {—d,d) respectively, and M~^{-), M~(-) and M^{-) the positive, 
negative and null subspace of of the selfadjoint operator defining it respectively. For any bounded 
selfadjoint linear operator on E, We denote = {L\jmL)~^ , and we also denote by Pr^mLPr,m = 

{,PT,raLPr,m)\Er,m • Er^ra ^ Er^m- 

Similarly we define two subspaces of Er hy E = {x £ E\x{t + f ) = —x(t),a.e.t G R} and 
E = {x £ E\x{t + 5) = x{t),a.e.t G R} be the symmetric ones and ^-periodic ones of Er 
respectively. 

We define two selfadjoint operators A and B on E by the following bilinear forms 

{Ax,y)= -Jx-ydt, {Bx,y)= B{t)x{t) ■ y{t) dt. (3.4) 
Jo Jo 

Then ^ is a bounded Fredholm operator on E and dim ker A = 0, the Fredholm index of A is 
zero, i? is a compact operator on E. 
For any positive integer m, we define 

Em = ^T=lEr{2j - 1). 

For m > 1, let Pm be the orthogonal projection from E to Em- Then {Pm} is a Galerkin approxi- 
mation scheme w.r.t. A. 



19 



Theorem 3.1. For any B{t) € C([0, satisfying condition (Bl) and < d < l\\{Ar - 

there exists m* > such that for m > m* there hold 

dim MjiP^i A - B)Pm) = mn-i'^{B)-i^^iB), (3.5) 
dimM^{Pm{A- B)Pm) = mn + i^J-^{B), (3.6) 
dimM^iPmiA- B)Pm) = v%{B). (3.7) 



Proof. The method of the proof here is similar as that of Theorem 2.1 in |51j . 
For any positive integer m, we define 

m 
j=0 

For m > 1, let be the orthogonal projection from E to Em.. Then {Pm} is a Galerkin approxi- 
mation scheme w.r.t. A. 

For any y G Em and z S Em, it is easy to check that 

{iPr,miAr " Br)Pr,my, z)) = 0. (3.8) 

So we have the following Pr^m{Ar — Br)PT,m orthogonal decomposition 

ET,2m = Em ® Em- (3.9) 

Similarly, we have the following A^- — B^ orthogonal decomposition 

Er = E®E. (3.10) 
Hence, under above decomposition we have 

{Ar-Br) = {A-B)®{A-B). (3.11) 

Thus 

\\{Ar-Br)*\\-^<\\{A-B)*\\-^ (3.12) 

\\{Ar-Br)*\\-^<\\{A-B)*\\-^ (3.13) 

By the definitions of M*{-) for Pr,2m(^r - Br)Pr,2m, Pm{A - B)Pm, and Pm{A - B)Pm with 
* = +, — , 0. So for * G {+, —,0} we have 

dixnM*^{Pr,2m{Ar " Br)Pr,2m) = dimM^*(An(i - B)Pm) + dimM^*(P„(i - B)Pm). (3.14) 
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Note that, the space and the operators A^, and Pr,m are also defined in the same way. 
So by the definition we see that E is the r-periodic extending of E^- from Sr to S2t, and E^ is the 
r-periodic extending of -E'T,2m from Sr to S2t too. 

Thus we have 

\\{Ar-Br)*\\-' = \\{A-B)#\\-'- (3.15) 

By (|3l3]) and (I3J5D we have 

\\{A2r - B2r)*\\-' < \\{Ar " Br)*\\-\ (3.16) 

For * G {+, —,0} we have 

dimM^*(P,,^(^, - Br)Pr,m) = M*^{P^{A - B)Prn). (3.17) 

Then for < d < j||(^r — -St)*||~^; by Theorem 2.1 in [31] there exists mi > such that for 
m > mi we have 

dimM+{Pr,2m{Ar - Br)Pr,2m) = 2mn - iLoill) - ^Loill), (3-18) 
dimM-(P^,2m(vlr - Br)Pr,2m) = 2mn + n + iLohl), (3.19) 

dimM^{Pr,2miAr " Br)Pr,2m) = ^lM)- (3.20) 

By (j3.16p . we have < c? < ;j||(A^ — -Br)"^!!^^. By Theorem 2.1 in [31J again there exists 
m2 > 0, such that for m > m2 we have 

dimM+(P^,^(A^ - Br)Pr,m) = mu - iLoilB) - i^Lo{1b)), (3.21) 
dimM-{Pr,UAr- Br)Pr,m)=mn + n + iLo{7B)), (3.22) 

dimMO(P,,^(^, - Br)Pr,m) = '^LoilB))- (3.23) 

Let m* = max{mi,m2}. Then for m > m* , all of (f3l^ - (f3:23|) hold. 
So by IKWi . (ISTTll . and (l3T8]l - (l3:23D we have 

dimM+(An(i - B)P^) = mn- {iLoilD " Uo(7b)) " M^fl) " i^Lo(7b)), (3.24) 
dim M J {P^{A-B)Pm) = mn + iu,{ll)-iLo{lB), (3.25) 

dim Mj{P^m{A - B)Prn) = V L,{ll) - V L,{l b) ■ (3.26) 

Thus (I33])-(I32D hold from ([3:2i]l - (l3:26] l. Definition 2.3, and Theorem 2.2. The proof of Theorem 
3.1 is complete. I 
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Remark 3.1. Let any B € C([0, ^],£s(R^")) be a constant matrix path satisfying condition (Bl). 
By Theorem 5. 1 of 14^ , for d = the same conclusions of Theorem 2. 1 of jlcllf still holds . Hence 
for d = the same conclusions of Theorem 3.1 still hold, i.e., there exists m* > such that for 
m > m* there hold 

dim M+{Prn{ A - B)Pm) = mn-i'^{B) -u^{B), 
dim M-{Pm{ A - B)Pm) = mn + i^{B), 
dim M'^iPmi A - B)Pm) = T^'^iB). 



In the following, we study some monotonicity of the the Maslov-type i^^^—^ index. In this 
paper, for any two symmetric matrices Bi and B2, we say Bi > B2 if Bi — B2 is positive definite 
and we say Bi > B2 if Bi — B2 is semipositive. Similarly for two symmetric matrix paths Bi, 
B2 G C([0,T],£^(i?2"))^ we say Bi > B2 if Bi{t) - B2{t) is positive definite for all t £ [0,r] and we 
say Bl > B2 if Bi{t) — B2{t) is semipositive definite for all t G [0,r]. 

Lemma 3.1. For any r > and Bi, B2 G C([0, ^], £s(R'^")) satisfying condition (Bl). If 
Bi> B2, then there hold 

^%{Bi) > i^(i32) (3.27) 

and 

+ ly^^iBi) > i^(S2) + z^:^(^2). (3.28) 

Moreover, if 

[\Bi{t)-B2{t))dt>0, (3.29) 
Jo 

then there holds 

i'l^iBi) > i%{B2) + '^^{B2). (3.30) 



Proof. Let the space E and the orthogonal projection operator P^ be the ones defined in 
Section 2. Correspondingly we define the compact operators Bi and B2. By Theorem 3.1, for 
d > small enough, there exists m* > such that 

dim M+{Pm{A-Bi)P^) = mn-i'^{Bi)-i^^{Bi), (3.31) 
dim M-{Pm{A-Bi)Pm) = mn + i^^{Bi), (3.32) 
dimM^(Pm(A-Bi)Pm) = ^^{Bi). (3.33) 
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and 



dim M+{Pm{ A -B2)Pm) = mn-i'^{B2)-i^^iB2), (3.34) 
dim M J {Pm{A-B2)Pm) = mn + i^J^{B2), (3.35) 
dimM^{Pm{A-B2)Pm) = iy^{B2). (3.36) 

If Bi > B2, we have Pm{A - B{)P^ < P^{A - B2)Pm, So 

dim M-(P„(i - Bi)P^) > dim M-(P„(i - S2)An). (3.37) 
Then by and (lOTl) holds. Also we have 

dimM+(An(i - Bi)P^) < dimM+(An(i - B2)Pm). (3.38) 

Then by dOT]) and (fCTD . (15:28]) holds. 
If j}{Bi{t) - B2{t))dt > 0, then 

An(i - -Bi)An < PmiA - ^2)An. (3.39) 

So we have 

dimM-(/'^(i - Bi)Pm) > dim Af-(An(i - S2)An) + MO(P^(i - S2)Pm). (3.40) 

Then by (|3.32p . ()3.35p and (13.361) . (I3.30p holds and the proof of Lemma 3.1 is complete. | 
Corollary 3.1. For any r > and B G (7([0, £s(R^")) satisfying condition (Bl) and B > 0, 
there holds 

i^J^{B) > 0. (3.41) 

proof. By Lemma 3.1, we have 

i^{B) > i^{0). (3.42) 
Then the conclusion holds from the fact that 

^/^(O) = ^5^(^o) = 0' (3.43) 

Where 70 is the identity symplectic path. I 
By Theorem 2.1 of [31] and the Remark below Theorem 2.1 in [31] and the similar proof of 
Lemma 3.1 we have the following lemma. 

Lemma 3.2. // r > and Bi, B2 G C([0, £s(R^")) satisfying condition (Bl) and Bi > B2, 
then for j = 0, 1 there hold 

iL,{Bi)>iL,{B2) (3.44) 
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and 



IL, {Bl) + UL, {Bi) > XL, {B2) + UL, {B2). (3.45) 

T 

Moreover, if jQ^{Bi{t) - B2{t))dt > 0, then there holds 

iL, (Bl) > iL, {B2) + {B2). (3.46) 

Since «Lj (0) = —n and ^'Lj (O) = n for j = 0, 1, a direct consequence of Lemma 3.2 is the 
following 

Corollary 3.2. If t > and B G C([0, |], /^^(R-^")) satisfying condition (Bl) and B >0, then for 
J = 0, 1 there hold 

iL, {B) + z/L . (B) > 0, iL, (B) > -n. (3.47) 

r 

Moreover if Jq B(t)dt > 0^ there holds 

iLj{B)>0. (3.48) 

Moreover we can give a stronger version of Corollary 3.2, i.e., the following Lemma 3.3. 
Lemma 3.3. Let r > and B G C{[0,^],Cs(R'^"')) with the n x n matrix square block form 

( Bn(t) Bi2{t) \ 
Bit) = \ satisfying condition (Bl) and B >0. 

\ B2l{t) B22{t) J 

If B22{t)dt > 0, there holds 

iLo{B) > 0. (3.49) 

// /(f Bu{t)dt > 0, there holds 

^Ll(5)>0. (3.50) 
Proof. Without loss of generality, assume A > such that 

T 

r B22{t)>\In- (3.51) 
JQ 

Also we can extend B to [0, r] by 

5(1 + t) = NB{^ - t)N, Vt G [0, ^]. (3.52) 

Then since B(t) = B{0), we can extend it r-periodically to R, so we can see B as an element in 
C{Sr,£,s{B?'')). Then we have 

/ B22{t)>2\In. (3.53) 
Jo 
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For any m G N, we define two subspaces of E as follows 



(t) = ^exp( — —J)bj, Vt G R; V6j € Lq ^ , 



S^(0) = {z£Er \zit) = b, beLo}. 
Then for any 2: = ax + /3y G -Et(O) ® E~„^ with + = 1 and ||x| 

{iAr-Br)z,z) 



1, we have 



: {{Ar - Br){ax + f^y),ax + (3y) 
= -(3^{Ary,y) - {Br{ax + fy),ax + (3y) 
< -\\A#\\-^P^ -{Br{ax + (3y),ax + Py). 

Since B > 0, note that x(t) = b= (0, 61) G Lq for all t ^ Sr with t|6iP = 1, we have 

{BT-iax + I3y), ax + /3y) 

= [ {a^Bx ■ X + 0^By ■ y + 2a/3Bx • y) dt 
Jo 

f'T f'T f'T f'T 

I Bx-xdt + /3^ By ■ y dt - 2\a\\(3\{ Bx-xdt)^/^{ By-ydtf'^ 
Jo Jo Jo Jo 



(3.54) 



> a 



> aM Bx-xdt + 13^ By-ydt 

Jo Jo 1 + e 
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1 



a 



Bx- xdt - {1 + e)0^ / By-ydt 



, Bx-xdt-e^^ By-ydt 
1 + £ 7o Jo 

Y^(^j^ B{t)dt^b-b-ef By-ydt 
^ 522(t)'it) 61 • 61 - • y dt 



> 



r^^2X\bi\^ - el3^\\Br 
2eW 



(l + e)r 
for any e > 0. 



en\Br\ 



(3.55) 



Let e = min{l, M^ILIU^lIL^}. By (f33D and ([335]) . we have 



{{Ar-Br)z,z) < -\\Af\\-^0 



< 



2 ~ 

2 I «2\ 



< -do(a' + r) 



(3.56) 
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where do = minj U^^jl \ ^} = min{ , ^, M^l^lLilLBilLl}. Note that do is independent of 
m, so for < d < minjdo, ^^^'^^"'4^'**^^ — }, by Theorem 2.1 of [31j there exists m* > such that, 
for m > m* , we have 

dimM^{Pr^rn{Ar " Br)Pr,m) = mn + n + iLo(-B). (3.57) 

By (|3.56|) we have 

dim M- {Pr,m{Ar " Br)Pr,m) > dim(^^(0) p-J = mu + H. (3.58) 

Then by (13371) and (f338D we have iuAB) > 0. 

For Bii{t)dt > 0, by similar proof we have iL^{B) > 0. The proof of Lemma 3.3 is complete. 

■ 

Now we give the following Theorem 3.2 which will play a important role in the proof of our main 
results in Section 5. This results implies that the corresponding Maslov-type index of a periodic 
symmetric solution of a first order even semipositive Hamilton increases with the increasing of the 
iteration time of the solution. 

Theorem 3.2. If t > and B £ C([0, ^],£s(R^")) satisfying condition (Bl) and B >0, then for 
any two positive integers p > q there holds 

> ^^ilD- (3.59) 



Proof. Extend jBit) to [0, ^] as 7^, we still denote it by 7^- By definition of and the Path 
additivity and Symplectic invariance property of /i^^^ in [llj . we have 



= fi'p'^'HLo X JLo, Gr(7B), [0, ^]) - ^^^^^(Lq x JLq, Gr(7B), [0, ^]) 
= ^^^A^(LoX JLo,Gr(7B),[f ,^]) 

= ^^^A^(LoxLo,Gr(-J7B),[f ,^]). (3.60) 

By the first geometrical definition of the index fi^^^' in section 4 of jtllj , there is a e > small 
enough such that 

(e-^^Gr(- J7b(^)) n (Lq x Lq) = {0} = (e---^Gr(7s(^)) n (Lq x Lq) (3.61) 
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and 

/x^^^^(LoxLo,Gr(-J7B),[^,^]) 
= /x^^*^(Lo X Lo,e-^Gr(-J7i.),[^,^]) 

= /x^^*^(Lo X Lo, GT{-e-''j^Be-''), ^]), (3.62) 

where in the second equahty we have used Symplectic invariance property of /i^^^ index in pT]. 
Choose a path 7 G Pel such that -f{t) = -e'"-^ J-fBe'^'^ for ah t £ [^^]. Denote by D{t) = 
—J'y{t)j{t)^^ for t £ [0, For i G [— by direct computation we have 

D{t) = -J-^i-e-'-^ J-fe-'-^)i-e-'-^ J-fe-'-^)-^ = -Je-'-^B{t)e'^J. (3.63) 

Since 5 > we have D{t) > for t E [qT,pT] and L> G C([0, £s(R.^"))- For s > 0, we define 
Dgit) = D{t) + sl2n and symplectic path 7s (i) by 

^7s(i) = JI)s(t)7s(t), tG[0,^] 
7.(0) = hn. 

It is clear that 

70 = 7. (3.64) 
By the same argument of step2 of the proof of Theorem 5.1 in [12], we have 

-J^7s(t)(7s(i))-' > 0, fort = ^,^. (3.65) 

By (|3.6ip and definition of 7^ we have 

^L„(7o(f )) = = z.Lo(7o(f )). (3.66) 
So by (j3.65p . there is a cr > small enough such that 

^l,{1s{^)) = Q = ^lM^)), V.G[0,a]. (3.67) 

So we have 

//^^*^(Lo X Lo, Gr(7,(^)), s G [0, a]) = 0, 

/.^^*^(LoxLo,Gr(7,(^)),.G [0,a]) = 0. (3.68) 

By the Homotopy invariance with respect to end points and Path additivity properties of fj,^^^ 
index in [11], we have 

/x^^^^(Lo X Lo,Gr(7,(^)),s G [0, a]) + ^?^*^(Lo x Loa,Gr{j^{t)),t G [^,^]) 
= /x^^*^(Lo X Lo,Gr(7o(t)),t G ^]) + ^^^^^(Lq x Lq, Gr(7.(^)), s G [0,a]). (3.69) 
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So by (ISreOll . (IM21), (I3S1]),(IMH1) and ^M), we have 

^^(7^) - ^5^(7|) = /^^^''(^o X Lo,Gr(7.(t)),t G ^]). (3.70) 
Since D{t) > for t G we have 

D^{t)>0, VtG[^,^]. (3.71) 
So by the proof of Lemma 3.1 of [42j and Lemma 2.6 of [32], we have 

/.^^^^(LoxLo,Gr(7.(t)),te[^,^])= J] i^Lo(7.(t)) > 0. (3.72) 

Thus by (|3.70p and (j3.72p . (j3.59p holds. The proof of Theorem 3.1 is complete. | 

By similar proof of Theorem 3.2 we have the following Theorem 3.3. 
Theorem 3.3. If r > and 5 G C([0, Csi'R'^'')) satisfying condition (Bl) and B > 0, then for 
j = 0,1 and any two positive integers p> q there holds 

iL,(7^)>%.(7|,). (3.73) 



4 Proof of Theorems 1.1-1.3 and Corollary 1.2 

In this section we study the minimal period problem for brake orbits of the reversible Hamiltonian 
system (jl.ip and complete the proof of Theorems 1.1-1.3 and Corollary 1.2. 

For T > 0, we set E = W"i/2,2(5^^i^2n) ^i^j^ ^Yie usual norm and inner product denoted by 1 1 • 1 1 
and (•) respectively, and two subspaces of E hy Et = {x ^ W'^/'^''^{Sr, R^")| x{—t) = Nx{t) a.e. t G 
R} and Et = {x £ W^/'^^^{Sr,^^'')\ x{-t) = -Nx{t) a.e. t G R}. Then we have 

E = Et®Et. (4.1) 

As in Section 3, we define two selfadjoint operators At on Et by the same way as p.3p . We 
also define two selfadjoint operators At on Et by the following bilinear form: 

(iTX,y) = ! -J±-ydt. (4.2) 
Jo 

Then At is a bounded operator on Et and dim ker At = n, the Fredholm index of At is zero, and 
At is a bounded operator on Et and dim ker ^4^ = n, the Fredholm index of At is zero. 
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Set 

EtU) = lzeET z{t) = exp(^ J)a + exp( — '—J)b, Vt G R; Va, 6 G Lq 
ET,m = Et{0) + Et{1) + ■■■ + Erim) 

and 

EtU) = |z G 

ET,m = Et{0) + ^t(I) + • • • + ET{m). 



2jTTt '^j'^t 

z{t) = exp( ^ J)a + exp( ^^J)b, Vt G R; Va, 6 G Li 



Let PT,m be the orthogonal projection from Et to -Et,™ and -Pr^m be the orthogonal projection 
from Et to i?T,m for m = 0,1,2,..., then Tt = {PT,m '■ m = 0,1,2,...} and Tt = {PT,m ■ rn = 
0, 1, 2, ...} are the usual Galerkin approximation schemes w.r.t. At and At respectively. 

For z G Et, we define 

f{z)='^{ATZ,z)- 1^ H{z)dt. (4.3) 
It is well known that / G C'^{Et, R) whenever, 

H G C2(r2") and \H"{x)\ < ai\x\' + 03 (4.4) 

for some s G (1, +00) and all x G R^". 

By similar argument of Lemma 4.1 of [51j, looking for T-periodic brake orbit solutions of (jl.ip 
is equivalent to look for critical points of /. 

In order to get the information about the Maslov-type indices, we need the following theorem 
which was proved in [24 t [28 | [48] . 

Theorem 4.1. Let W be a real Hilbert space with orthogonal decomposition E = X (B Y , where 
dimX < +00. Suppose f G C'^{W,IV) satisfies (PS) condition and the following conditions: 

(1) There exist p, 6 > such that f{w) > 5 for any w G W; 

(ii) There exist e G dBi{0) Pi Y and tq > p > such that for any w G dQ, f{w) < 5 where 
Q = (BroiO) n X) e {re : < r < ro}, Br{0) = {-u; G : < r}. 
Then (1) f possesses a critical value c> 5, which is given by 

c = inf max /(/i(ty)), 

where L = {/i G C(Q, E) : h = id on dQ}; 

(2) There exists wq £ JCc = {w £ E : f'{w) = 0, f{w) = c} such that the Morse index m~{wo) 
of f at wq satisfies 

m~ (ujo) < dimX + 1. 
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Proof of Theorem 1.3. For any given T > 0, we prove the existence of T-periodic brake 
solution of (jl.ip whose minimal period satisfies the inequalities in the conclusion of Theorem 1.2. 
We divide the proof into five steps. 

Step 1. We truncate the function H suitably and evenly such that it satisfies the growth 
condition (14.4p . Hence corresponding new reversible function H satisfies condition (I4.4p . 

We follow the method in Rabinowitz's pioneering work |43| (cf. also |18] . |44| and |51)). Let 
K > andx e C°°(R,R) such that x = V < K , x = if y > K and x'iv) < if y G {K,K + 1), 
Where K will be determined later. Set 

HKiz) = x{\z\)H{z) + (1 - xi\zmK\z\^ (4.5) 

and 

Hk{z) = ^Box-x + Hk{z), (4.6) 

where the constant Rk satisfies 

Rk > max —V. 4.7 

K<\z\<K^\ \zy 

Then Rk G C2(R2",R). Since R satisfies (H3), Ve > 0, there is a 5i > such that Rk{z) < ejzp 
for \z\ < 6i. It is easy to see that Rk:{z)\z\'^ is uniformly bounded as \z\ — )• +oo, there is an 
Ml = Mi{e,K) such that Hk{z) < Mi|z|^ for \z\ > di. So 

HKiz) <e\z\'^ + Mi\z\'^, VzGR^". (4.8) 

Set 

fKiz) = 1{Atz, z)- [ HK{z)dt, yz G E. 
^ Jo 

Then Jk G C'^iET,'R) and 

fK{z) = IhAt - Bot)z, z)- [ HK{z)dt, yz G E, 

^ JO 



where Bqt is the selfadjoint linear compact operator on Ej- defined by 

{Botz,z) = [ Boz{t)-z{t)dt. 
Jo 

Step 2. For m > 0, let fKm = f\ET,m- We show fKm satisfies the hypotheses of Theorem 4.1. 
We set 

= M-{PT,miAT - BoT)PT,rn) MO(Pr,m(^T " ^Ot)^?,™), 
= M+{PT,m{AT - BoT)PT,m). 
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For z £Ym,hj (|iT8|) . (f3T2|) . and the fact that PtjBqt = PtjBqt for j > 0, we have 

fKm{z) = 1-{{At-Bot)z,z)- [ HK{z)dt 
^ Jo 

> ^\\{At - BoT)n-%\\' - ie\\z\\h + M,\\z\\l,) 

> i||(ylr-i?0T)#r^||z|p-(eC| + MiC4^||z||2)||z||2, (4.9) 

where C2 and C4 are constants for s = 2, 4 for the Sobolev embedding of inequahty ()3.2p . and they 
are independent of m and K. 

So if choose e > small enough such that eC| < ^IK^dy — i?0T)*||~^) then there exists p = p{K) > 
small enough and 5 = S{K) > 0, which are independent of m, such that 

fm{z) >6, Vz e dBpiO) n Ym. (4.10) 

Let e G -Bi(O) n and set 

Qm = {re:0<r<ri}(B {Br,{0) H X^), 
where ri will be determined later. Let z = z_ + G -Bri(O) n Xm-, we have 

1 1 - 

fKm{z + re) = -{{AT-BoT)z^Z) + -r^{{AT-BoT)e,e)- HK{z + re)dt 

I ^ Jo 

rp 

< ]-\\At - BoTWr"" -\\\{At - Bot)*\\~^\\z-\? - t H k{z + re)dt. {A.ll) 

II Jo 

Since H satisfies (H2) we have 

Hk{x) > ai|x|" - aa, Vx G R^", 
where a = min{^,4}, ai > 0, 02 are two constants independent of K and m. Then there holds 



/ HK{z + re)dt>ai [ |z + re]" - Taa > a3(||zo||2- + r°) - 04, (4.12) 
Jo Jo 

where 03 and 04 are constants independent of K and m. By (|4.11|) and (|4.12|) we have 
fKrn{z + re) < ^\\AT-Bo\\r^ -^\\{A-Bo)*\\-^\\z_\\^ -a3i\\zo\\lc,+r") + a4. 
Since a > 2 there exists a constant ri > p > 0, which are independent of K and m, such that 

fxm < 0, Vz G dQm. (4.13) 
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Then by Theorem 4.1, /xm has a critical value CKrm which is given by 

CKm = inf max fKm{g{z)), (4.14) 

where = {g € C{Qm, Em\g = id; on dQm}- Moreover there is a critical point xxm of fKm which 
satisfies 

in~{xKm) < dimXm + 1. (4.15) 

Step 3. We prove that there exists a T-periodic brake orbit solution xt of (jl.ip which satisfies 

iLoi^r) < Uo(^o) + t^LoiBo) + 1. 

Note that id G r^, by (|4.11|) and condition (H4), we have 

CKm < sup fKm{z) < \\\At - BqtWI. 

Then {cxm} possesses a convergent subsequence, we still denote it by {cKm} for convenience. 
So there is a Ci^- G [6, ] such that cxm — ^ ck ■ 

By the same arguments as in section 6 of [44J we have fx satisfies (PS)* condition for c G R, 
i.e., any sequence Zm such that Zm G Et^tti-, f'Kmi-^'m) ~^ and fKm{zm) — ^ c possesses a convergent 
subsequence in Et- Hence in the sense of subsequence we have 

XKm XK, fxixK) = CR , fKixx) = 0. (4-16) 

By similar argument in [H], xk is a classical nonconstant symmetric T-periodic solution of 



X = JH'k{x), X G R2". 

Set BK{t) = H'^{xK{t)), Then Bk G (7([0,T/2],£s(R-^")) and satisfies condition (Bl). Let 
Bkt be the operator defined by the same way of the definition of -Bqt- It is easy to show that 

Wfiz) - {At - Bkt)\\ ^0 as \\z -xk\\^ 0. 

So for < d < ijIKAr — i^Xr)*!!"^) there exists r2 > such that 

Wf'^^iz) - PtA^t - BKT)PT,m\\ < \\f"{z) - {At - Bkt)\\ < \d, Vz € {z e Et : \\z - xk\\ < ra}. 

Then for z £ {z £ Et '■ \ \z — xk\ \ < '^2} H ET,m, Vu G {PT^m{AT — BKT)PT,m) \ {0}, we have 



{fKmiz)u,u) < {Pt^At - BKT)PT,mU,u) + \\fKmiz) - PT,m(^T " B kt) PT,m\\\\u 



|2 



< -^dWuf. 
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So we have 

m-Wkmi^)) > dim M^{Pt,UAt - BKT)PT,m). (4.17) 

By Theorem 2.1 of [31] and Remark 3.1, there is m* > such that for m > m* we have 

dimXm = mn + n + iLoiBo) + i^Lq{Bo), (4.18) 
dim M^"(PT,m(^T - BKT)PT,m) = mn + n + iLoiBx)- (4.19) 

Then by KW . KT6\\ . and ([CTTD - diTQ]) . we have 

iLoiBx) < iioiBo) + i^LoiBo) + 1. 

By the similar argument as in the section 6 of |44j, there is a constant M2 independent of K 
such that 1 1 1 1 00 < Choose K > M2. Then xk is a non-constant symmetric T-periodic 

solution of the problem (jl.ip . From now on in the proof of Theorem 1.3, we write B = Bk and 
XT = Xk- Then xt is a non-constant symmetric T-periodic solution of the problem (jl.ip . and 
satisfies 

«Lo {xt) = iu (B) < iLo (Bo) + i^Lo (Bo) + 1. (4.20) 

Since xt obtained in Step 3 is a nonconstant and symmetric T-period solution, its minimal 
period t = ^ for some A; G N. 

We denote by Xr = xt|[o,t]i then it is a brake orbit solution of (jl.ip with the minimal r and 
Xt = x^ being the k times iteration of Xr- As in Section 1, let ^^^d be the symplectic path as- 
sociated to (r, x) and (T, xt) respectively. Then72:^ E C([0, Sp(2n)) and 72,.^, G C([0, -^J, Sp(2n)). 
Also we have 'jxj, = 7^^ . 

Step 4. We prove that 

We follow the way of the proof of Theorem 1.2 of [18j. By the same way as Et and At we can 
define the space E^- and the operator on it. Also we can define the orthogonal projection pT^m 
and the subspaces Er,m for m = 0, 1,2, .... Let Br be the selfadjoint linear compact operator on 
Et defined by: 

{BrZ, z) = I B{t)z{t) ■ z{t) dt, Vz G Er- 

Jo 

For z £ Er, set 

friz) = ^{{Ar-Br)z,z) = ^{ArZ, z) - ^ H" {Xr{t))z ■ Z dt 
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and 

frmiw) = friw), G Er,m- 

Let 

X = {zeLi\Boz = and H"{xr{t))z = 0, Vt G R} 

and Y be the orthogonal complement of X in Li, i.e., Li = X ®Y . Since H"[xr{t)) = Bq + 
H"{xT-(t)), by (H4) it is easy to see that there exists Aq > such that 



H"{xr(t))zo ■ zodt> Aollzoll, Vzo G Y. 



Thus for any z = z^ + zq £ Pr^mM^ (Ar) ® Y with ||2:|| = 1, we have 

frmiz) = ^{{Ar-Br)z,z) = ^{ArZ^,Z^)-^J^ H"{Xrit))z-zdt (4.21) 

< r H"{Xr{t))zo-Zodt- r H"{Xr{t))z.-Zodt 

^ Jo Jo 

< _ + max ||._|| llzoll- (4.22) 
2 2 te[o,r] 

Since 

\\z.\\\\zo\\<\\\z-\\'' + \\\zo\\\ Ve>0. 

By choosing e suitably one can see that there exists < cq < 1 with |1 — cq\ small enough such 
that if ||zo|| < Co, 

frm{z) < -^Cl (4.23) 

When llzoll < cq, we have ||z_|p > 1 - eg. By <!^^?m and (H4) 

fr^{z) < -\\\A*\\-^\\z.\? < -\\\A*\\-\l-cl). 
Hence we always have 

frm{z) < -c||z||2, Vz G P,,„M-(i,) ® Y, (4.24) 
where c = maxj^CQ, ^||A*||~^(1 — Cq)} is independent of m. Let 

d = min{i||(i.-SO#r\|}. 
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By ()4.24p and Theorem 2.1 of [3T] and Remark 3.1 and the definition of iiii'yixr)), for m large 
enough, we have 

mn + n + iLii'yiXr)) = dim {Pr^mi^T - Br) Pr,m) 

= mn + n — dim X, (4-25) 

which implies that 

iLiili^r)) > -dimX. (4.26) 
Since Xr is a nonconstant brake solution of (jl.ip . by the definition of X we have 

'^L^ili^Cr)) > dimX + 1. (4.27) 

Hence by and (|071) we have 

iL^i-f{Xr)) + l^L^{jiXr))>l. (4.28) 

Step 5. Finish the proof of Theorem 1.3. 

By Theorem 2.1 and Theorem 6.2 below (also Theorem 2.6 of [32]) we have 

iLoili) > iLoil..) + ^(n(7') + ^1(7') - n), if e 2N - 1, (4.29) 

iLo(7t) > iLo(7xJ + i%{l^r) + - l)(n(7') + i^iil') - n), if k G 2N. (4.30) 
Since Bq is semipositive and H satisfies (H4), by Corollary 3.2, we have 

^Lo(7xv)+'^Lo(7xJ >0. (4.31) 
By Proposition C of ^42j and the definitions of ilq and we have 

n(7^) = iioh) +'i'Lih) + n, 
Ml'^) = Z^Lo(7) + Z^Li(7)- 

So by (fOHjl and KTlh we have 

kil^) + Ml^) - n > I- (4.32) 
So by K29\i . (O0]l and ()i:32D we have 
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^Lo(7t)>Uo(7xJ + ^, ifA:G2N-l, (4.33) 



k-1 



Uo(7t)>Uo(7.J + ^, ifA;G2N. (4.34) 
By (j4.20p and the definition of jx-r we have 

Uo(7.v)') < iLoiBo) + i^LoiBo) + 1. (4.35) 

By Corollary 3.2, we have 

iLo(7xJ > -n. (4.36) 

So by we have 

k < 2{iL, (Bo) + VL, (So)) + 2n + 4. (4.37) 

Claim 2. A: can not be 2{iLo{Bo) + vlo{Bq)) + 2n + 3 and 2{iLo{Bo) + vl^{Bq)) + 2n + 4. 
Hence by Claim 2, k < 2{ii^^{BQ) + v^^{Bq)) + 2n + 2, and Theorem 1.3 holds. 
Proof of Claim 2. We first show that k can not be 2{iL^^{BQ) + ulq{Bq)) + 2n + 3. Otherwise, 
we have 

k = 2{iL,iBo) + i^LoiBo)) + 2n + 3. (4.38) 
The equality in ()4.29p holds, then by (j4.32p . in this case there must hold that 

kij^) + Mj^) - n = 1 (4.39) 

and 

iLo(7xJ = -n. (4.40) 

By Corollary 3.2 again we have that 

J^Lo{lx^) = n. (4.41) 

Also by (I4.39P we have 

Denote by i'£^i{'y{x.,-)) = r. Then we have 

iMxr)) = l-r, (4.42) 

i^Li(7(a;r)) > 1. (4.43) 
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By (fO0|) and we have 

iLoilxr) - hAlx^) = r - n - 1. (4.44) 
AO 

So we can write 7xt-(§) = ( | with A,C, D to he n x n real matrices. Hence by (4.2) 



of [35| we have 



C D 



T , T D^A 

2 2 I (jTji^ j^Tjj 



Since 7x^(§) is a symplectic matrix we have 

A^D = D'^A = In, C^A = A^C. 

So we have 



In 

C^A I„, 



Note that here C'^A is a symmetric matrix and A is invertible. So by (j4.43|) there exists a orthogonal 
matrix Q such that 

QiC^A)Q^ = diag(0, 0, 0, Ai, As, Xp, Xp+i, K-p-r) (4.45) 

with Xj > for j = 1, 2, and Xj < 0, for j = p + l,p + 2, ...,n — p — r, where 1 < p < n — r. 
Then it is easy to check that (h)'"' o Ni{l, -if o Afi(l, l)^*""''"''' G f^°(7xj with l^°(7xr) to be 
defined in Section 6 below. Then by Theorem 6.2 below or Theorem 2.6 of [32], when the equality 
in (|4.29p holds, there must hold p = n — r. Hence we have 

Q(C^A)Q'^ = diag(0,0,...,0,Ai,A2,...,A„_,), (4.46) 
Aj>0, for j = l,2,...,n -r. (4.47) 

Case 1. If det^ > 0, then there exists a invertible matrix path p{s) for s £ [0, |] connecting it 
and /„ such that p{0) = In and p{l) = A. 
We define a symplectic path 0i by 

Ms)= I II ^ ° j, V5G[0,J. 
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Then i>L-{(j)i{s) = constant for j = 0, 1 and s £ [0, |]. So by Definition 2.5 and Lemma 2.8 and 
Proposition 2.11 of [42J, for j = 1, 2 we have 

/.^^^(F,-,Gr(0i),[O, J) = 0. (4.48) 

f A \ [ In 

Also we have 0i(O) = and </>i(0) = 

Note that we can always choose the orthogonal matrix Q in ()4.46p such that detQ = 1 (otherwise 
we replace it by diag(— 1, 1, l)Q). Then there exists a invertible matrix path P2{s) for s G [0, ^] 
connecting it and In such that /)2(0) = In and P2(§ ) = Q- We define a symplectic path 02 by 

\ P2{s)ArCp2{s)^ In J 2 

Then i'Lj{4'2{s) = constant and for j = 0, 1 and s S [0, So by Definition 2.5 and Lemma 2.8 
and Proposition 2.11 of [l2] again, for j = 1,2 we have 

/.^^^^(y,-,Gr(02),[O, J) = 0. (4.49) 

Also we have 

In 

/n 
QA^CQ'^ In 

By the Reparametrization invariance and Path additivity of the Maslov index pp^^^ in [llj and 
(fOH]) and (09l) . for j = 1, 2 we have 

M^^*^(y„ Gr(7.J, [0, J) = ^^^^(y,-, Gr(02 * (.^i * 7.v)), [0, J), 
where the joint path 02 * (0i * 7xv) is defined by (j6.1|) . So by definition for j = 0, 1 we have 

iljilx-r) = iLj{4>2 * (01 * IXr))- (4.51) 

Then by Theorem 2.3 and ()4.50p we have 

Uo(7xJ - iLi(7xJ = ^sgnM,((/2)^' o iVi(l, Ai)^ o • • • o Ni{l, Xn-rf). (4.52) 

By Remark 2.1 and the computations (j2.68p - (|2.7ip at the end of Section 2, for e > small enough 
we have 

sgnM,((l2)^'^ o iVi(l, Ai)'^ o . . . o N,{1, A„_,)^) = 2(r - n). (4.53) 



ihf o iVi(l, Ai) o • • • o iVi(l, A„_,). (4.50) 
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So we have 

iloilxr) - ihAlxr) = r-n, (4.54) 

which contradicts to (|4.44p . 

Case 2. If detA < 0, then there exists a invertible matrix path p{s) for s G [0, ^] such that 
p(0) = diag(— 1, 1, 1, 1) and p{l) = A. by similar arguments we can show that 

Uo(7xJ - iLAlxr) = ^sgnM,((-/2) o {hf''^^ o iVi(l, Ai) o • • • o iVi(l, A„_,)) = r - n, (4.55) 

which still contradicts to (j4.44p . 

Hence we have proved that k can not be 2(1^^ (Bq) + i^l^ (Bq)) + 2n + 3. By the same argument 
we can prove that k can not be 2{ii^^{BQ) + VL^^{BQ)) + 2n + 4. Thus Claim 2 is proved and the 
proof of Theorem 1.3 is complete. I 

Proof of Theorem 1.1. Note that this is the case Bq = Q of Theorem 1.3. Then by Theorem 
1.3 and the fact that iLo(O) = ^'^^ ^-Lo(O) = ^) the minimal period of xt is no less than 2n+2 • 
In the following we prove that if (|1.9|) holds then the minimal period of xt belongs to {T, ^}. 

Let XT is the A;-time iteration of Xj- with r being the minimal period of Xr and t = Then 
by the proof of Theorem 1.3 with 5o = we have (gSH]), (fOO]) and (fOOj) hold. Since ([L9]) holds, 
by Lemma 3.3 we have 

iLo(7xr)>0. (4.56) 

So by (|4.29p if k is odd, we have 

1>0 + ^. (4.57) 
Hence /c < 3. Now we prove that k can not be 3, other wise we have 

^Lo(7xJ = 0, (4.58) 
i^Lo(7xJ = 0, (4.59) 
^Li(7xJ + i^Li(7xJ = l. (4.60) 

And by Theorem 2.1 and Theorem 6.2 we have 

1 > iUlt) = Uo(7xJ + W3(7l) > (n(7l) - (7xJ -n)>l. (4.61) 

Then all the equalities of (|4.6ip hold. By Lemma 6.2 and 2 of Theorem 6.2 again, there exist p > 0, 
(7 > with p + q < n and < 0i < 6*2 < ... < O^-^p+q) < 27r/3 such that 

ihT" o iVi(l, -1)^' o R{9i) o R{92) o ... o R{9n-p-q) G J^°((7i)(r)), (4.62) 
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where Q^{M) for a symplectic matrix M is defined in Section 6. By (j4.62p we have 

-l^^iilDir)). (4.63) 
( ^ A 

Now we denote by (f ) = I with A, B, C, D are all n x n matrices. 

\c d) 

Claim 1. Both D and A are invertible. 

We first prove D is invertible. Otherwise, there exists a n x n invertible matrix P such that 




P-'DP 



with D 



Since D 



R 



and i? is a (n — r) X (n — r) matrix with r > 1. So we have 



P^ 

p-^ 



A B 
C D 



-l\T 







1 A 








\ c 







^ 




(A 




: 




. Since 




I) 




R ) 









is a symplectic matrix, we have 



A^D - C^B = In- 




R 



, B^D and D both have form 



(4.64) 



B^D 



, A^D 



* 



So by (jireil) and (|i:65]) we have 

A^D + C^B = 2A^D - In 
By direct computation and (j4.65p and (I4.66P we have 

N 















b\ 




(A 




{I 








i) 




D 1 









-1 



P^ \ ^ ( A B 

p-i y \C D 

D^A + B^C 2B^D 

2A^c A^b + c^^B 
\ 



N 



* 
* 



* * * 







* 



A 
C 



B 
D 



{p~Y 

P 



(4.65) 



(4.66) 



(4.67) 



(4.68) 
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Since by (4.2) o f[35j we have 




by (fOT]) and (filBS]) we have 

-ie^^(7'.(T)), 

which contradicts to ()4.63p . Thus we have proved that D is invertible. Similarly we can prove A is 
invertible, and Claim 1 is proved. 

Claim 2. There exists a invertible n x n real matrix Q with detQ > such that 

Q-\B^C)Q = diag(0, 0, 0, Ai , A2, ...A„_,) (4.69) 

with r = ilxr) a-iid Aj G (—1, 0) for i = 1,2, n — r. 
In fact 

llir) = 




(4.70) 



/ + 2B'^C 2B'^D 
2A^C I + 2C^B 

Since B and D are both invertible, for any w G C, we have 

In ^ \ ( I + '^B^C -^In 2B^D 

-\{In + 2C^B-u:In)D-\B'^)-^ In J \ ^A^C I + 2C^B-Ujln 

I + 2B'^C - ujin 2B^D 
-i(I„ + 2C^B - ojIn)D-\B^)-\l + 2B^C - uln) + 2A^C 

So we have 

det(72^(r) - uhn) = det(5'^L')det((/„ + 2C^ B - ujIn)D-^{B^)-^{I + 2B^C - wl„) - AA'^C) 

= det{D[{In + 2C^B - ujIn)D-\B^y\l + 2B^C - ojln) - 4A^C]B^) 

= det{D[In + 2C^B - ujIn)D-^{B^)-^{I + 2B^C - ujIn]B^ - 4.DA'^CB^) 

= det((/ + 2B'^C - ioinf - 4(1 + CB^)CB^) 

= det{uj^In-2uj{I + 2CB^)+I). (4.71) 
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By (|i:62]) we have 



So for E U by ()4.7ip we have 



a(7i(r))cU. 



det(7^^(T) - uhn) = (-4)"a;'"det(C7S^ _ l(Rew - 1)) 



(4.72) 



(4.73) 



Hence by (I4.62p again we have a{CB^) C (-1,0], moreover there exists a invertible n x n matrix 
5 such that 

S-^CB^S = diag(0, 0, 0, Ai , As, A„_^). (4.74) 

with r = UL^ilxr) and Ai G (-1,0) for i = 1,2,..., n-r. Since S'^CB^S = {B^S)-^B^C{B'^S), 
let Q = B^ S, if detQ < we replace it by i?^S'diag(— 1, 1, 1, 1), Claim 2 is proved. 
Continue the proof of Theorem 1.1. 



If detS > 0, there is a continuous symplectic matrix path joint 



B-^ 




and l2n- Since 



B-^ \ A B 
B^ ) \ C D 
By Lemma 2.2, for e > small enough, we have 

A B 
C D 



B-^A I„ 



sgnMe 



sgnMe 



B'C B'D 

B-'A In 
B^C B^D 



If deti? < 0, there is a continuous symplectic path joint 

direct computation we have 

A B 
C D 



B-^ 
B'^ 



(4.75) 



and (-/2) o^2(n-i)- By 



sgnMe 



SgnMe I ((-/2)o/2(n-l); 



A B 
C D 



So by Lemma 2.2 again we have (I4.75P holds. So whenever det(i?) > or not, (14.750 always holds. 

^ \ I B-^A In \ I P \ I A In 

P^ ]\ B^C B^D ) \ {P-Y 

we have 



Denote by 



C D 



. By Claim 2, 



C = diag(0,0, ..,0, Ai, A2, A^ 



(4.76) 



Since I | is a symplectic matrix, we have A and D are both symmetric and have the 

C D 



follow forms: 



A 



1 An 


^ 




( Dn 










I 


^22 j 




[ 


D22 / 
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where An and Dn are r x r invertible matrices, A22 and D22 are (n — r) x (n — r) invertible 
matrices. So we have 





In 


H 




D 





All It 

Dii 



A22 In-r 

A D22 



(4.77) 



where A = diag(Ai, A2, A„_.r)- 

, All Ir \ I All Ir 

Since iV I \ N { 

Dii \ Dn 



Ir 2Dii 







by (j4.62p Dn is negative defi- 



nite. So we can joint it to —Ir by a invertible symmetric matrix path. Then by Lemma 2.2, Remark 
2.1, and computations below Remark 2.1 in Section 2, we have 



sgnMe 



Since Mp 



A22 In-r 

A D22 



An Ir \\ , / / -Ir Ir 

= sgnM, 

Dn J J \\ -Ir 

= rsgnM,(iVi(-l,l)) 

= 2r. 

is invertible for e = 0, for e > small enough, we have 



(4.78) 



sgnMe 



sgn 



sgn < 2 



sgn 



A22 In-r 

A D22 
A22 A 



sgnMo 



A22 In-r 

A D22 

—In-r \ I A22 In-r 

In-r D22 J \ -In-r / V A D22 

-A22A -A 

-A -D22 

-A22A -A 
-A -D22 



+ 



-^n — T 



(4.79) 



Since 



A.22 In-r 
A D22 



is a symplectic matrix, we have 



A22D22 — A — In-r, 



A22A = AA 



22- 



(4.80) 



Hence 



^22' A - D22 = A^iiA - A22D22) 
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^22 ■ 



So we have 



-^22A 

A^^A - D22 

-A22A 

-A^i 



(4.81) 



By (|4.8U|) . there exist invertible matrix R such that 

R~^A22R = diag{ai,a2,...,an-r), aj G R \ {0}, « = 1, 2, n - r, (4.82) 

R'^AR = diag(Aii, Aj2, Ai„_J, {ii,i2, ■■■,in-r} = {1,2, ...,n - r}. (4.83) 

So we have 

R'^{-A22A)R = diag(-Aiiai, -Ai2a2, -Ai„_,an-r), (4.84) 

i?-H-A22')i? = diag(- — , - — , ^). (4.85) 

ai 02 On-r 

Since A^ G (-1, 0) for i = l,2, n - r, by (iroD - diTSSD we have 

sgn(-A22A) + sgn(-A22^) = 0. (4.86) 
Hence by (|i79]l . (fOTTl and (06]) we have 

sgnM, I I =sgn(-yl22A) + sgn(-^22') = 0. (4.87) 

u ^ // 

Since detQ > we can joint it to In by a invertible matrix path. Hence by Lemma 2.2 and 
Remark 2.1, K77\i . (ITOjl and gUD, we have 

sgnM, I I ^ ^ 11 = ^g^^^ ( f "^^^ 11+ ^g^^^^ f f 

^ S^C ^^^/y U ^ Dnj) \\ A D22 

= 2r + 

= 2r. (4.88) 
Then by Theorem 2.3, KTbh and (OHI) we have 

iLo(7xJ-Ui(7xJ=r-. (4.89) 
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However by ()4.58p . ()4.60p and VLiilx^) = r we have 

^Lo(7xJ-Ui(7xJ = r-l, 

which contradicts to (|4.89p . 

Thus we have prove that k can not be 3. So if k is odd, it must be 1. By the same proof we 
have if k is even, it must be 2. Then r G {T, The proof of Theorem 1.1 is complete. | 

Proof of Corollary 1.2. Since < T < there is e > small enough such that 

0<Bo< WBoWhn < {^-e)l2n. 



It is easy to see that 



l(^-e)i,At) = exp((^ - e)tJ) yt G [0, -]. 



So we have 



iloii^ - e)hn) = 0. 
Then by ()5.40p and Lemma 3.1 and Corollary 3.1 we have 

< i-i{Bo) + iy-i{Bo) < - e)l2n) = 0. 

So we have 

i_i(Bo) + z._i(So) = 0. 

Hence by the same proof of Theorem 1.1, the conclusions of Corollary 1.2 holds. | 
Remark 4.1. Under the same conditions of Theorem 1.3, if H22{xT{t)) dt > 0, by the same 
proof of Theorem 1.1, we have 

T 

r > 



2{iL,{Bo) + UL,{Bo)) + 2 

Moreover, if < T < or iLoiBo) + i^LoiBo) = 0, we have r G {T, 

Proof of Theorem 1.2. This is the case n = 1 and Bq = of Theorem 1.3, by the proof 
Theorem 1.3, for any T > we obtain an T-periodic brake solution xt satisfies 

iLoilxr) < 1- (4.90) 
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If it's minimal period is t = T/k for some G N, we denote Xr = xt|[o,t]- Then by the proof of 
Theorem 1.3 we have 

kill) + Mil) >'^- (4.91) 

In the fohowing we prove Theorem 1.2 in 2 steps. 

Step 1. For k = 2p+ 1 for some p > 0, we prove that p = 0. 

Firstly by the proof of Theorem 1.3 we have 

1 > iLohZ^')>p{khl)+Mll) - l)+^Loh)■ (4.92) 

We divide the argument into three cases. 

Case 1. ii(72j + ui{-fl) = 2. If M^/D = 1, then ^1(72^ = 1 E 2Z + 1. By Lemma 6.3, we 
have iVi(l,l) G n^{-fl^{T)). Since 

1 = kilt) = ^Lo(7av) + ^Li(7xr) + 1. (4.93) 

By Corollary 2.1 we have 

Nlo(7xJ-^Li(7xJ| <1. (4.94) 

Then by K93\i and ^^Mh we have 

Uo(7xJ=U,(7xJ=0. (4.95) 
So by Theorem 2.1, Lemma 6.2, and (j6.13p . we have 

iLoilt) = ^Lo(7xJ + V.v^/3(7xr) 

= «Lo(7xJ +n(7xj +'S'7Vi{l,l)(l) 

= 0+1+1 

= 2>l>u„(72?+i). (4.96) 



Then by Theorem 3.3 we have 



2p + 1< 3. 



Hence p = 0. 

If 2.1(72 J = 2, then ii (72 J = 0. But now '-flir) = I2, hy Lemma 6.3 kill) G 2Z + 1, which 
yields a contradiction. So this case can not happen. So in Case 1, we have proved p = 0. 
Case 2. kill) + Mil) = ^■ 
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If z^i(7^J = 1, then 

n(72j = 2G2Z. (4.97) 

By Lemma 6.3 we have A^i(l,— 1) G 0^((7^^)(r)). So if p > 1, by Theorem 3.3, Theorem 2.1, 
Lemma 6.2 and (j6.13p . we have we have 

l>Uo(7.'r') > iLoill) 

> -1 + 2 + 

= 1. (4.98) 



So there must hold 



Then by Corollary 2.1 we have 



So we have 

hill) = U„(7x. + iiAlxr) + 1 < -1 + + 1 = 0, 

which contradicts (j4.97p . Thus we have p = 0. 
If 1/1(72 J = 2, then 

h{ll) = l, lUT) = h. (4.99) 
If p > 1, by Theorem 3.3, Theorem 2.1, Corollary 3.2, Lemma 6.2 and (|6.13p . we have we have 

= «Lo(7nv) + V-^/3(7xJ 

> -1 + 1 + 1 
= 1. 

So there must hold 

i'Loilxr) = -1- 
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Then by Corollary 2.1 we have 
So we have 

n(7i) =iLo(7x. +^Li(7xJ + l < -1 + + 1 = 0, 

which contradicts (j4.99p . Thus we have p = 0. 
Case 3. ki^D + '^lilD > ^- 

In this case ii(7^^) + 1^1(7^^) — 1 > 3. By Corollary 3.2 we have > —1- So by (j4.92p we have 

P < 2/3, (4.100) 

which yields p = 0. So we finish Step 1. 

Step 2. For A; = 2p + 2 for some p > 0, we prove that p = 0. 

In fact, apply Bott-type iteration formula of Theorem 2.1 to the the case of the iteration time 
equals to 4 and note that by Corollary 3.1 i^rrii'Jx-r) ^ 0- Then by the same argument of Step 1, 
we can prove that p = 0. 

Thus by Steps 1 and 2, Theorem 1.2 is proved. I 
A natural question is that can we prove the minimal period is T in this way? We have the 
following remark. 

Remark 4.2. Only use the Maslov-type index theory to estimate the iteration time of the T- 
periodic brake solution xt obtained by the first 4 steps in the proof of Theorem 1.3 with Bq = 0, 
we can not hope to prove T is the minimal period of xt- Even H"{z) > for all z G R^" \ {0}. 
For n = 1 and T = in, we can not exclude the following case: 



XT{t) = 




H'{xT{t))=XT{t), 
H"{xT{t)) = hn. 

It is easy to check that Jxri't) = for t £ [0, 2-k]. Hence by Lemma 5.1 of [30j or the proof of 
Lemma 3.1 of |42j we have 

0<s<27r 

In this case the minimal period of xt is Similarly for n > 1 we can construct examples to 
support this remark. 
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5 Proof of Theorems 1.4-1.5 and Corollary 1.4 

In this section we study the minimal period problem for symmeytric brake orbit solutions of the 
even reversible Hamiltonian system (jl.ip and complete the proof of Theorems 1.4-1.5 and Corollary 
1.4. 

For T > 0, let Et = {x e W^/^''^{Sr,'R^'^)\ x{-t) = Nx{t) a.e. t G R} with the usual 
norm and inner product. Correspondingly E and E are defined to be the symmetric ones and the 
^-periodic ones in Et respectively. Also {-Pr,m} and {Pm} are the Galerkin approximation scheme 
w.r.t. At and A respectively, where {PT,m}, {Pm}, ^Ti and A are defined by the same way as in 
Section 2, we only need to replace r by T. 

For z £ Et, we define 

f{z) = ^{ATZ,z)- H{z)dt. (5.1) 

For z £ E, we define 



f{z) = l{Az,z)- r H{z)dt. (5.2) 



We have the following lemma. 
Lemma 5.1. Let zeE. If f'{z) = 0, then f'{z) = 0. 

Proof. Let z G E and f'{z) = 0. So for any y £ E we have 

{f'{z),y) = r Jz{t) ■ y{t) dt - r H'{z{t)) ■ y{t) dt = 0, Vy e E. (5.3) 



JO JO 

Since H is even and z £ E, we have 



H'{z{t + |)) = H'{-z{t)) = -H'{z{t)). (5.4) 



So H'iz) G E and 



{f'{z),y)= I Jz{t)-y{t)dt- H'{z{t))-y{t)dt = 0, ^y £ E. (5.5) 



By (fO]) and ([53]) . we have 



Jo 



if'iz), y) = r Ji{t) ■ y{t) dt - r H'{z{t)) ■ y{t) dt = 0, Vy G Et. (5.6) 
Jo Jo 

Hence f'{z) = | 
By Lemma 5.1 and arguments in the proof of Theorem 1.3 in Section 4, to look for the T-period 

symmetric solutions of (jl.ip is equivalent to look for critical points of /. 

Proof of Theorem 1.5. For any given T > 0, we prove the existence of T-periodic symmetric 

brake orbit solution of (|1.1|) whose minimal period satisfies the inequalities in the conclusion of 



49 



Theorem 1.5. Since the proof of existence of T-periodic symmetric brake orbit solution xt of (jl.ip 
is similar to that of the proof of Theorem 1.3, we will only give the sketch. We divide the proof 
into several steps. 

Step 1. Similarly as Step 1 in the proof of Theorem 1.3, for any K > Owe can truncate the func- 
tion H suitably and evenly to Hk such that it satisfies the growth condition ()4.4p . Correspondingly 
we obtain a new even and reversible function Hk satisfies condition (j4.4p . 

Set 

fj,{z) = l{Az,z)- [ HK{z)dt, yzeE. (5.7) 
^ Jo 

Then fx e C^{E,K) and 

fK{z) = l{{A-Bo)z,z)- r HK{z)dt, yzeE, (5.8) 
^ Jo 

where Bq is the selfadjoint linear compact operator on E defined by 

{Boz,z)=[ Boz{t) ■ z{t)dt. (5.9) 
Jo 

Step 2. For m > 0, let fKm = f\Em, where Em = PmE. Set 

Xm = M~{Pm{A - Bo)Pm) e M°(An(i - Bo)Pm), 
Ym = M+{Pm{A-Bo)Pm). 

By the same argument of Step 2 in the proof of Theorem 1.3, we can show that satisfies 
the hypotheses of Theorem 4.1. Moreover, we obtain a critical point XKm of fKm with critical value 
Ck'tti which satisfies 

m'~(2;A'm) < dimXm + 1. (5.10) 

and 

5<CKm<\\\A-BQ\\rl (5.11) 

where is a positive number depending on K and ri > is independent of K and m. 

Step 3. We prove that there exists a symmetric T-periodic brake orbit solution xt of (jl.ip 
which satisfies 

^5^(7^^) < ^^(^o) + ^"^J^iBo) + 1- (5.12) 

Prom the proof of Theorem 1.3 we have fx satisfies (PS)* condition for c G R, by the same 
proof of Lemma 5.1, we have fx satisfies {PS)l condition for c G R, i.e., any sequence Zm such 
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that Zm £ Em, f'Kmi^-m) and fKm{zm) c possesses a convergent subsequence in E. Hence 
in the sense of subsequence we have 

XKm XK, fxixK) = Cr , fxixK) = 0. (5.13) 

By similar argument as in [H], xk is a classical nonconstant symmetric T-periodic solution of 

± = JH'k{x), X G R2". (5.14) 

Set Exit) = H'^{xKit)), Then Bk G C{St/2, >Cs(R^")). Let Bk be the operator defined by the 
same way of the definition of Bq. It is easy to show that 

\\f"iz) - (A- Bk)\\ ^0 as \\z - xkW ^ 0. (5.15) 

So for < d < IlK^T — Bkj,)^\\^^ , there exists r2 > such that 

\\fKm{z)-Pm{A-BK)Pm\\ < \\f"{z)-{A-BK)\\ < ^d, Vz G {z G ^ : \\z-xk\\ < r2}. (5.16) 

Then for z G {z G ^ : | |z - xk\\ < n Em, Vn G M~{Pm{A - BT)Pm) \ {0}, we have 

{f'km{z)u,u) < {PmiA -BK)PmU,u) + \\f'^miz)- PmiA -BK)Pn,\\\\uf 

< -\d\\uf. 

So we have 

m'ifKmiz)) > dim M^iPmiA - BK)Pm). (5.17) 
By Theorem 3.1, Remark 3.1, there is m* > such that for m > m* we have 

dimXm = mn + i^iBo) + iy^iBo), (5.18) 
dimAf-(An(i - BK)Pm) = mn + i^J-^iBK). (5.19) 

Then by ([5T0]) . ([5T3ll . and ([5T7l) - (|5T9]l . we have 

i^(i^i^) < i^(i?o) + ^:^(5o) + 1. (5.20) 

By the similar argument as in the section 6 of |44] . there is a constant M3 independent of -fT 
such that ||xii-||oo < -^^3- Choose K > M3. Then x/f is a non-constant symmetric T-periodic brake 
orbit solution of the problem (jl.ip . From now on in the proof of Theorem 1.2, we write B = Bk 
and XT = Xk- Then xt is a non-constant symmetric T-periodic solution of the problem (jl.ip . and 
satisfies 

=i^^ (^) < ^J^t(^o) + '^J:^(^o) + 1- (5-21) 
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Step 4. Finish the proof of Theorem 1.5. 

Since xt obtained in Step 3 is a nonconstant and symmetric T-period brake orbit solution, its 
minimal period r = for some nonnegative integer r and s = 1 or s = 3. We now estimate r. 

We denote by Xr = XT|[o,r]i then it is a symmetric period solution of (jl.ip with the minimal 
r and Xt = x^^~^^ being the 4r + s times iteration of Xr- As in Section 1, let 7^.^ and '^x^ the 
symplectic path associated to (r, x) and {T,xt) respectively. Then 'jx^ £ C([0, Sp(2n)) and 

£ C{[0, j], Sp(2n)). Also we have "jx^ = Tx!^"*"*) which is the 4r + s times iteration of "jx^- 

By ([OT]) we have 

i^J^rhZ^l < ^^(^0) + ^:^(i?o) + 1. (5.22) 
Since Xr is also a nonconstant symmetric periodic solution of (jl.ip . It is clear that 

iy-i{xl) > 1. (5.23) 

Since H satisfies condition (H5) and Bq is semipositive, by Corollary 3.1 of [51J (also by Theorem 
6.2) we have 

i-ihl) > 0- (5-24) 
By Corollary 3.2 of [51] (cf. aslo [29]), we have 

hill) + Mil) >n. (5.25) 

It is easy to see that 

lUl +t)= jlit) 1IC-), W G [0, J. (5.26) 
So by Theorem 6.1 of Bott-type iteration formula we have 

hill) + Mil) = hill) + Mil) + i-iill) + T^-iill) 
> n+0+ 1 

= n + 1. (5.27) 
If r > 1, then by Theorems 2.2 and 6.2 and (j5.27p we have 

iMll) = ^Mill?'') 

r 

J = l 

r 

> Y^^nill) + Mil) - n) (5.28) 
= rihill) + Mil) - n) 

> r, (5.29) 
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where uj2r = e'^^^^^'^^^ as defined in Theorem 2.2. 
By Theorem 3.2, we have 

^%i7t^n>i'^,ilZ)- (5-30) 

Then <^M), ([Ogll and (fOO]) yield 

r < i'^iBo) + J^^iBo) + 1. (5.31) 
Thus for i'^iBo) + '^^(Bq) is odd, by (lOTD we have 

4r + s < 4r + 3 < 4(i^{Bo) + u^{Bo)) + 7. (5.32) 
Claim 3. For i^{Bo) + ^^^(^o) 

is even, the equality in ()5.3ip can not hold. 
Otherwise, r > 1 and the equality in ()5.28p holds i.e., 



i^2j^-i{-ft^) = h{-ft) + Mlt)-n = l, j = l,2, ...,r. (5.33) 



By the definition of uj2r, we have 7^ —1 for j = 1, 2, r. So by (j5.33p and 2 of Theorem 

6.2, we have /2p o -^i(li —1)*'^ o K QP{'^^^{t)) for some non-negative integers p and (7 satisfying 
< p + (7 < n and -ftT G Sp(2(n — p — q)) with cr(i^') € U \ {1} satisfying the condition that all 
eigenvalues of K located with the arc between 1 and LJ2r in U+ \ {±1} possess total multiplicity 
n — p — q. So there are no eigenvalues of K on the arc between oj^^T^ and —1 except W2r~^ with 
r = 1. However, whether i^fr"^ ^ '^{itr^'^)) "c^o^, we always have 



S . 

7: 



4^MK'r') = 0, (5.34) 



,2.-i(7t) = l- (5.35) 



So ()6.13p and Lemma 6.2, we have 



= 1 + = 1. (5.36) 



But by (|5.26p . Lemma 6.1, and Theorem 6.1, we have 
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Then z_i(7^^) is an even integer, which yields a contradiction to (|5.36p . So Claim 3 holds, and we 
have 

r < i^(Bo) + i^^(So). (5.37) 

Hence 

4r + s < 4r + 3 < 4(f;^(5o) + '^:^(5o)) + 3. (5.38) 

Theorem 1.5 holds from (f02|) and (f08|) . | 
Proof of Theorem 1.4. This is the case i?o = of Theorem 1.2. From Theorem 3.1 it is easy 
to see that 

i^(0) = 0, i^^(O) = 0. (5.39) 

Then + zy^^(O) = and is also even. So Theorem 1.4 holds from Theorem 1.5. | 
Proof of Corollary 1.2. Since < T < jj^^, there is e > small enough such that 



It is easy to see that 



< 5o < l|5ol|/2n < (^ - e)hn. (5.40) 



7(^_,),,„(t)=exp((^-£)tJ) VtG[0,-]. (5.41) 



Since 

z/Lo(exp((^ - £)tJ)) = 0, Vt e [0, -]. (5.42) 

We have 

iLo(7ff-£)/2„) = 0, «Lo(7(f-e)/2j = 0. (5.43) 

So by Theorem 2.1 we have 

^^(( J - ^)hn) = iLo{l%-e)lJ - Uo(7(f-.K.J = 0. (5.44) 
Then by ()5.40p and Lemma 3.1 and Corollary 3.1 we have 

< i_i(i?o, |) + ^-i{Bo, |) < - e)l2n, |) = 0. (5.45) 

So we have 

i-iiBo,^) + iy-i{Bo,^) = 0. (5.46) 

Hence by Theorem 1.1 or Corollary 1.1, the conclusion of Corollary 1.2 holds. | 
Also a natural question is that can we prove the minimal period is T in this way? We have the 
following remark. 

54 



Remark 5.1. Only use the Maslov-type index theory to estimate the iteration time of the sym- 
metric T-periodic brake solution xt obtained in the proof of Theorem 1.5 with Bq = 0, we can not 
hope to prove T is the minimal period of xt- Even H"{z) > for all z G R^" \ {0}. For n = 1 and 
T = 6-7r, we can not exclude the following case: 



XT{t) 



sint 
cost 



(5.47) 



H'{xT{t))=XT{t), 
H"{xT{t)) = hn- 

It is easy to check that "fxTi't) = for t E [0, Svr]. Hence by Theorem 2.1 and Lemma 5.1 of [30 
or the proof of Lemma 3.1 of [42] we have 



(5.48) 



37r/4<s<37r 

In this case the minimal period of xt is ^. Similarly for n > 1 we can construct examples to 
support this remark. 



6 Appendix on Maslov-type indices (i^, u^^) 

We first recall briefly the Maslov-type index theory of (i^j, f^)- All the details can be found in j41] . 
For any a; G U, the following codimension 1 hypersuface in Sp(2n) is defined by: 

Sp(2n)° = {M G Sp(2n)|det(M - uhn) = 0}. 

For any two continuous path ^ and rj: [0,r] — )• Sp(2n) with ,^(r) = ?7(0), their joint path is defined 
by 

^ i{2t) ifO < t < 

r]{2t - r) if f < t < T. 

(Ak Bk 
I for A; = 1, 2, as in 
Cfc Dk 

[41j . the o-product of Mi and M2 is defined by the following (2(mi -|- 1712) x 2(?7ii -|- m2))-matrix 
Ml 0M2: 

^ Ai Bi ^ 



(6.1) 



Ml 0M2 



.42 ^2 

Ci Di 

C2 L>2 y 



55 



A special path ^„ is defined by 

/ 2 - i 

Ut)= " , , ' VtG [0,r]. 

V (2-^)-i 

Definition 6.1. For any a; € U and M G Sp(2n), define 

ly^M) = dime ker(M - ojhn)- (6.2) 

For any 7 e Vri'^n-), define 

z^<^(7) = ^u^ilir)). (6.3) 

If 7(r) ^ Sp(2n)0, we define 

i^(7) = [Sp(2n)0 : 7*en], (6.4) 



wliere tlie right-liand side of (16. 4p is tlie usual homotopy intersection number and the orientation 
of 7 * is its positive time direction under homotopy with fixed endpoints. 

If 7(t) G Sp(2n)° , we let ^"(7) be the set of aU open neighborhoods of 7 in 7^T-(2n), and define 

Ul) = sup inf{i,(/3)| /3(t) G C/and/3(T) ^ Sp(2n)0}. (6.5) 
c/eJ-(7) 

Then (itj(7), z^w(7)) G Z x {0, 1, 2n}, is called the index function of 7 at w. 
Lemma 6.1. (Lemma 5.3.1 of [JT]) For any 7 G Vr{2n) and w G U, i/iere /loZd 

«a;(7) = idl), ^uil) = '^(vil)- (6.6) 
As in [38j, for any M G Sp(2n) we define 

n{M) = {p e s-p{2n) I (j(P) n u = (j(M) n u 

andi/A(F) = ux{M), VA G fT(M) n U}. (6.7) 

We denote by Cl^{M) the path connected component of ri(M) containing M, and call it the homo- 
topy component of M in Sp(2n). 

The following symplectic matrices were introduced as basic normal forms in 



D{X)= I ^ ° I , A = ±2, (6.8) 



-1 



A 

Ni{X,b) = I ^ ^ I , A = ±l, 6 = ±1, 0, (6.9) 

A 
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, cos(9) -sm(e) , 
R{e)={ \, 6* G (0,7r)U (7r,27r), (6.10) 



sin(6') cos{9) 

l{9) b 
R{9) 



. Ri^) b , 

N2{co,b)=\ , 0G (0,7r)U(7r,27r), (6.11) 



, 6i 62 

where b = \ | with 6j G R and 62/63. 

63 64 

For any M G Sp(2n) and cj G U, splitting number of M at a; is defined by 

Sm = W(±v^e)(7) - iM (6.12) 

for any path 7 G VrC^n) satisfying 7(t) = M. 

Sphtting numbers possesses the fohowing properties. 
Lemma 6.2. (cf. [40j, Lemma 9.1.5 and List 9.1.12 of [41j) Splitting number S^^{uj) are well 
defined; that is they are independent of the choice of the path 7 G Vr{2n) satisfying 7(t) = M . For 
u; £\J and M £ Sp(2n), S^ (w) are constant for all N G Q^{AI). Moreover we have 

(1) (S+ (±1),5^^(±1)) = (1,1) forM = ±iVi(l,6) with b = 1 or 0; 

(2) (S+ (±l),5jv,(±l)) = (0,0) for M = ±iVi(l,6) with h = -l; 

(3) (S+ (e^^), 5j^;,(eV^^)) = (0, 1) for M = R{9) with 9 G (0, U (^, 2^); 

(4) (S^jiuj), S^.j{uj)) = (0, 0) forueVXn and M = N2{uj, b) is trivial i.e., for 
sufficiently small a > 0, MR{{t — l)a)*" possesses no eigenvalues on U for t G [0, 1). 

(5) (Sljiu), S]^j{uj) = (1, 1) /or a; G U \ R and M = N2iuj,b) is non-trivial. 

(6) (Sljiuj), S^jioj) = (0, 0) for anyueV and M G Sp(2n) with a{M) n U = 0. 

(V 'S'mioM2(^) = ^mS^) + ^Ah'^^')' ^'-^J ^ Sp(2nj) with j = 1,2 and G U. 

By the definition of splitting numbers and Lemma 6.2, for < 0i < ^2 < 27r and 7 G Vri^n) 
with T > 0, we have 

+ E KV)(«^')-^W(^^'))-^W(^^'')- (6.13) 
ee (61,62) 

For any symplectic path 7 G Vr{2n) and m G N, we define its mth iteration in the periodic 
boundary sense 7(771) : [0, mr] — )• Sp(2n) by 

^{m){t) = -fit - jrhiry forjr < t < (j + 1)t, j = 0, 1, m - 1. (6.14) 
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Definition 6.2.(cf.f30], [IT]) For any 7 G Vr{2n) and a; € U, we define 

(i^(7,m),i/a;(7)"i)) = (i^(7(m)),z^^(7(m))), Vm G N. 



(6.15) 



We have the following Bott-type iteration formula. 

Theorem 6.1. (cf. 00], Theorem 9.2.1 of [Jl]) For any r > 0, 7 G Vr{2n), z £lJ, and m G N, 

iz{l,m)= ^iu^i-f), Uz{j,m)= ^ zy^(7). (6.16) 

By Theorem 8.1.4 of [41j, we have the following Lemma. 
Lemma 6.3. For 7 G 'Pr(2) with r > 0, the following results hold. 

1. IfNi{l,l) G S^°(7(r)), i/ien 

ii (7, m) = 772(^1(7) + 1) — 1, i/i(7,m) = l, Vm G N, (6-17) 

ii(7)G2Z + l. (6.18) 

2. //iVi(l,l) G 5^°(7(r)), then 

ii(7, m) = m(«i(7) + 1) — 1, i/i(7,m) = 2, Vm G N, (6.19) 

ii(7)G2Z + l. (6.20) 

3. //iVi(l,-l) G J^°(7(r)), i/ien 

ii(7, m) = m(zi(7), z^i(7,m) = l, Vm G N, (6.21) 

ii(7)G2Z. (6.22) 



Denote by = {cj G U| Imu > 0} and U~ = {a; G U| Irmo < 0}. The following theorem 
was proved by Liu and Long in \33\ 134] . which plays a important role in the proof of our main 
results in Sections 4-5. 
Theorem 6.2. (Theorem 10.1.1 of 01]) 

1. For any 7 G Vr{2n) and w G U \ {1}, it always holds that 

hh) + J^ih) - n < 2^(7) < ii(7) + n - u^i'y). (6.23) 

2. The left equality in \6. 23\} holds for some uj G U+ \ {1} (or \ {!}) if and only if 
l2pONi{\,—\Y'^oK G Q.^{'^{t)) for some non-negative integers p and q satisfying <p + q< n and 
K G Sp(2(n — p — (7)) with cr{K) G U\{1} satisfying the condition that all eigenvalues of K located 
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with the arc between 1 and lo including (or\J~\{l})possess total multiplicity n — p — q . If 

uj ^ —1, all eigenvalues of K are m U\R and those in U+\R (or JJ^ \ '^) olt^ clU Krein-negative 
(or Krein-positive) definite. If uj = —1, it holds that {—l2s) o 1)** o H £ Q,^{'y(T)) for some 

non-negative integers s and t satisfying < s + t < n — p — q, and some H £ Sp{2{n — p — q — s — t)) 
satisfying a {H) C U\R and that all elements in a(H)n\J^ (or a{H) n\J^ ) are all Krein-negative 
(or Krein-positive) definite. 

3. The left equality of (MM> holds for all uj e \J \ {1} if and only if hp o A^i(l, g 
Q^{'~^{t)) for some integer p G [0,n]. Especially in this case, all the eigenvalues of ^{t) are equal 
to 1 and = n + p > n. 

4. The right equality in i6.23\) holds for some lo G U+ \ {1} (or \ {1}) if and only if 
l2pO Ni{l, l)**" o K £ ri'^(7(r)) for some non-negative integers p and r satisfying Q <p + r <n and 
K G Sp(2(n — p — r)) with cr{K) G U\{1} satisfying the condition that all eigenvalues of K located 
with the arc between 1 and u including U+\{1} (or\J^ \{l})possess total multiplicity n — p — r. If 
UJ ^ —1, all eigenvalues of K are in U \ R and those in U+ \ Yi (or \ R-j cl^p- clU Krein-positive 
(or Krein-negative) definite. If uj = —1, it holds that (—/2s) o li 1)^* o H £ U^{'y{T)) for some 
non-negative integers s and t satisfying < s + t < n — p — r, and some H G Sp{2{n — p — q — r — t)) 
satisfying a{II) C U\R and that all elements in a{II)r\\J^ (or a{II) nJJ^ ) are all Krein-positive 
(or Krein-negative) definite. 

5. The right equality of (MM> holds for all uj e V \ {1} if and only if hp o iVi(l, G 
0''(7(t)) for some integer p G [0,n]. Especially in this case, all the eigenvalues of ^(t) are equal 
to 1 and = n -\- p > n. 

6. Both equalities of l[6.23\) holds for all uj £\J if and only if j{t) = hn- 
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